LOCAL ENTROPY THEORY FOR A 
COUNTABLE DISCRETE AMENABLE GROUP ACTION 

WEN HUANG, XIANGDONG YE AND GUOHUA ZHANG 

Abstract. The local properties of entropy for a countable discrete amenable group action are 
studied. For such an action, a local variational principle for a given finite open cover is estab- 
lished, from which the variational relation between the topological and measure-theoretic entropy 
Cn , tuples is deduced. While doing this it is shown that two kinds of measure-theoretic entropy for 

finite Borel covers are coincide. Moreover, two special classes of such an action: systems with 
^2 • uniformly positive entropy and completely positive entropy are investigated. 
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1. Introduction 



in 

^^ ' Rohlin and Sinai |39] introduced the notion of completely positive entropy (c.p.e.) for Z-actions 

(-H I on a Lebesgue space. It is also known as ii'-actions of Z. i^-actions played an important role in 

the classic ergodic theory. In 1992, Blanchard introduced the notions of uniformly positive entropy 
(u.p.e.) and c.p.e. as topological analogues of the fi'-actions in topological dynamics of Z-actions 
[1]. By localizing the concepts of u.p.e. and c.p.e., he defined the notion of entropy pairs, and used 
it to show that a u.p.e. system is disjoint from all minimal zero entropy systems [5] and to obtain 

CNJ ■ the maximal zero entropy factor for any topological dynamical system of Z-actions (namely the 

^ I topological Pinsker factor) [5] . From then on, the local entropy theory of Z-actions have been made 

^ ■ great achievements [llElllllllElinilTllEIlESlEllESlEZll^lig.see also the relevant chapters 

in [17] and the survey papers [El |2Qj . A key point in the local entropy theory of Z-actions is the 
local variational principle for finite open covers. 

Note that for each dynamical system {X,T) of Z-actions (or call it TDS), there always exist 

f^ ■ T-invariant Borel probability measures on X so that the classic ergodic theory involves the study 

f^ I of the entropy theory of {X,T). Whereas, there are some groups G such that there exists no any 

invariant Borel probability measures on some compact metric space with G-actions, for example 
the rank two free group F2. It is well known that, for a dynamical system of group actions, 
the amenability of the group ensures the existence of invariant Borel probability measures, which 
includes all finite groups, solvable groups and compact groups. 



j3 ■ Comparing to dynamical systems of Z-actions, the level of development of dynamical systems 

of an amenable group action lagged behind. However, this situation is rapidly changing in recent 
years. A turning point occurred with Ornstcin and Weiss's pioneering paper [35j in 1987 which 
laid a foundation of an amenable group action. In 2000, Rudolph and Weiss [JT] showed that 
iiT-actions for a countable discrete amenable group is mixing of all orders (an open important 
question for years) by using methods from orbit equivalence. Inspired by this, Danilenko [7] 
pushed further the idea used by Rudolph and Weiss providing new short proofs of results in 
[m |35l im m]. MeanwhUe, based on the result of [41] and with the help of the results from 
[6], Dooley and Golodets in [9] proved that every free ergodic actions of a countable discrete 
amenable group with c.p.e. has a countable Lebesgue spectrum. Another long standing open 
problem is the generalization of pointwisc convergence results, even such basic theorems as the 
L^-pointwisc ergodic theorem and the Shannon-McMillan-Breiman (SMB) Theorem for general 
amenable groups, for related results see for example [TS] [29l [36]. In [31] Lindenstrauss gave a 
satisfactory answer to the question by proving the pointwisc ergodic theorem for general locally 
compact amenable groups along F0lner sequences obeying some restrictions (such sequences must 
exist for all amenable groups) and obtaining a generalization of the SMB Theorem to all countable 
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discrete amenable groups (sec also the survey [15] written by Weiss). Moreover, using the tools 
built in |31| Lindenstrauss also proved other pointwise results, for example |36| and so on. 

Along with the development of the local entropy theory for Z-actions, a natural question arises: 
to what extends the theory can be generalized to an amenable group action? In |27] Kerr and 
Li studied the local entropy theory of an amenable group action for topological dynamics via 
independence. In this paper we try to study systematically the local properties of entropy for 
actions of a countable discrete amenable group both in topological and measure theoretical settings. 

First, we shall establish a local variational principle for a given finite open cover of a countable 
discrete amenable group action. Note that the classical variational principle of a countable discrete 
amenable group action (see [531 132]) can be deduced from our result by proceeding some simple 
arguments. In the way to build the local variational principle, we also introduce two kinds of 
measure- theoretic entropy for finite Borel covers following the ideas of [30] , prove the upper semi- 
continuity (u.s.c.) of them (when considering a finite open cover) on the set of invariant measures, 
and show that they are coincide. We note that completely different from the case of Z-actions, 
in our proving of the u.s.c. we need a deep convergence lemma related to a countable discrete 
amenable group; and in our proving of the equivalence of these two kinds of entropy, we need the 
result that they are equivalent for Z-actions, and Danilenko's orbital approach method (since we 
can't obtain a universal Rohlin Lemma and a result similar to Glasner- Weiss Theorem [TH] in this 
setting). Meanwhile, inspired by [45] Lemma 5.11] we shall give a local version of the well-known 
Katok's result |26l Theorem LI] for a countable discrete amenable group action. 

Then we introduce entropy tuples in both topological and measure-theoretic settings. The set of 
measure-theoretic entropy tuples for an invariant measure is characterized, the variational relation 
between these two kinds of entropy tuples is obtained as an application of the local variational 
principle for a given finite open cover. Based on the ideas of topological entropy pairs, we discuss 
two classes of dynamical systems: having u.p.e. and having c.p.e. Precisely speaking, for a 
countable discrete amenable group action, it is proved: u.p.e. and c.p.e. are both preserved under 
a finite production; u.p.e. implies c.p.e.; c.p.e. implies the existence of an invariant measure with 
full support; u.p.e. implies mild mixing; and minimal topological K implies strong mixing if the 
group considered is commutative. 

We note that when we finished our writing of the paper, we received a preprint by Kerr and 
Li [28], where the authors investigated the local entropy theory of an amenable group action for 
measure-preserving systems via independence. They obtained the variational relation between 
these two kinds of entropy tuples defined by them, and stated the local variational principle for a 
given finite open cover as an open question, see [551 Question 2.10]. Moreover, the results obtained 
in this paper have been applied to consider the co-induction of dynamical systems in [10] . 

The paper is organized as following. In section 2, we introduce the terminology from [35l|44] that 
we shall use, and obtain some convergence lemmas which play key roles in the following sections. 
In section 3, for a countable discrete amenable group action we introduce the entropy theory of it, 
including two kinds of measure-theoretic entropy for a finite Borel cover, and establish some basic 
properties of them, such as u.s.c, affinity and so on. Then in section 4 we prove the equivalence 
of those two kinds of entropy introduced for a finite Borel cover, and give a local version of the 
well-known Katok's result [26] Theorem LI] for a countable discrete amenable group action. In 
section 5, we aim to establish the local variational principle for a finite open cover. In section 6, 
we introduce entropy tuples in both topological and measure-theoretic settings and establish the 
variational relation between them. Based on the ideas of topological entropy pairs, in section 7 we 
discuss two special classes of dynamical systems: having u.p.e. and having c.p.e., respectively. 
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2. Backgrounds of a countable discrete amenable group 

Let G be a countable discrete infinite group and F{G) the set of all finite non-empty subsets of 
G. G is called amenable, if for each K G F{G) and S > there exists F e F{G) such that 

\FAKF\ , 

where | • | is the counting measure, KF = {kf : k e K, f e F} and FAKF = {F\KF) U {KF\F). 
Let K e F{G) and S > 0. Set R-'^ = {fc-^ -.keKj.Ae F{G) is {K, 5) -invariant if 

where B{A,K) ^ {g e G : KgHA^ and Kgn{G\A) 7^ 0} = K-^AnK-^G\A). A sequence 
{-FnlriGN Q F{G) is Called a F0lner sequence, if for each A' G -F(G) and (5 > 0, F„ is (AT, (5)-invariant 
when n is large enough. It is not hard to obtain the following asymptotic invariance property that 
G is amenable if and only if G has a F0lncr sequence {-FnlngN- For example, for Z we may take 
F0lner sequence Fn ~ {0, l,---,r7, — 1}, or for that matter {a„, a„ + l,--- ,a„ + n — 1} for any 
sequence {a„}„gN Q Z- 

Throughout the paper, any amenable group considered is assumed to be a countable discrete 
amenable infinite group, and G will always be such a group with the unit ec- 

2.1. Quasi-tiling for an amenable group. The following terminology and results are due to 
Ornstein and Weiss [HS] (see also gl Hi]). Let {Ai,--- ,Ak} C F{G) and e e (0,1). Subsets 
Ai,- ■ ■ ,Ak are e-disjoint if there are {i?i, • • • , Bk} C F{G) such that 

(1) Bj C Aj and ||^ > 1 - e for i = 1, • • • , fc, 

(2) B^nBj =(dii{<i^j < k. 

For a G (0, 1], we say that {Ai, ■ ■ ■ , Ak} a-covers A G F{G) if 



1^1 

For 5 G [0,1), {Ai, ■ ■ ■ ,Ak} is called a 6-even cover oi A G F(G) if 

(1) A C A for i = 1, ■ • • ,fc, 

(2) there is il/ G N such that Y.L1 1^.(5) < ^ for each 5 G G and Y.L1 \M > (1 - '5)M|A|. 
We say that Ai,- ■ ■ ,Ak e-quasi-tile A G F{G) if there exists {Gi, • ■ • , G^} C F{G) such that 

(1) for i = 1, • • • , fc, AiGi C A and {AiC : c G G;} forms an e-disjoint family, 

(2) AiC, n AjCj = if 1 < i ^ j < fc, 

(3) {AiCi : i ~ 1, ■ • ■ , fc} forms a (1 — e)-cover of A. 

The subsets Gi , • ■ • , G^ are called the tiling centers. 
The following lemmas are proved in [35l §1.2]. 

Lemma 2.1. Let S G [0, l),eG G 5 G F(G) and A G F(G) satisfy that A is {SS^^, 5) -invariant. 
Then the right translates of S that lie in A, {Sg : 5 G G, 5,9 C A}, form a 6-even cover of A. 

Lemma 2.2. Let 5 G [0, 1) and A C F{G) a 6-even cover of A e F{G). Then for each e G (0, 1) 
there is an e-disjoint sub- collection of A which e(l — 6)-covers A. 

Then we can claim the following proposition (see [35] or [HI Theorem 2.6]). 

Proposition 2.3. Let {-FnjngN with ec ^ Fi Q F2 C ■ ■ ■ and {i^^}„gN be two F0lner sequences 
of G. Then for any e G (0, 7) and N £ N, there exist integers tii, • • • ,nk with N < ni < ■ ■ ■ < Uk 
such that Fn-^, ■ ■ ■ , F^^. e-quasi-tile F^ when m is large enough. 
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Proof. Wc follow the arguments in the proof of [HI Theorem 2.6]. Fix e G (0, j) and N G N. 
Let fc G N and 5 > such that (1 — I)''' < e and 6*^(5 < |. We can choose integers ni, ■ • ■ , rifc 

with A^ < ^1 < • • ■ < 'ifc such that Fn,, is (Fn-F~^, (5)-invariant and \ L" , < S, i = 1, ■ ■ ■ ,k — 1. 

Now for each enough large m, F^ is (F„j^ F"^^ , (5)-invariant and ,^,"'' 1 < 6, thus by Lemma [2?T] 
the right translates of F„j. that lie in F^ form a 5-even cover of F^^, and so by Lemma [2.21 there 
exists Cfc G F(G') such that F^^Ck C F^ and the family {Fn^^c : c G Ck} is e-disjoint and e(l — S)- 
covers F^. Let Ck G Cfc. Without loss of generality assume that |F„j^Cfc \F„j^Cfc| < e(l — (5)|F/„| (if 
necessity we may take a subset of Ck to replace with Cfc). Then (1 — e)|F„j^ ||Cfc| < |F,'„| and 

(2.1) l-e{l~5)> l-^" ^ ^""^''l = 1 - '^'"-'^^ ^ ^"'°^^' "^ ^^''"'"'^ >l-e{l-S)-5. 

I ^ 7/1 1 I -'^ rn I 

Set Ak-i = f;„ \ F„,Cfc, Kk-i = ^„,_i-F-;_,. We have 

B{Ak-i,Kk-i) = Kk-AK \ Fn.Ck) n K-\{{G \ F'J U F„,Cfc) 

C B(F;„,A-fc._i)U U B(F„,c,A-fc._i) 
ceCk 

C B{F:^^,Fr,,F-^) U y S(F„,,iffc_i)c (as iffc_i C F„,F,-i), 

c&Ck 

which implies 

\B{Ak-uKk-i)\ ^ \B{f:„,F„,F-^')\ ^ \B{Fr.„Kk-i)\ 



fe-i 



l^fe-il - \Ak-i\ ' ^' lA 

^ |f4\K.Cfc|^"^™" + "^'=""^-") 

< ^(l.^)^^^^(as(l-.)|F„J|Cfc,<|F: 

< 6(5 (as e e ( 0, - 
That is, Afc„i is (^nfc_i-F',7,^_ , 6(5)-invariant. Moreover, using (|2.ip one has 



< -. r. ?^ ? <S. 



\Ak-i\ |F„J |F^| |F4\F„,Cfc| l-e{l-5)-S 

By the same reasoning there exists Cfc_i G F{G) such that Fnf._^Ck-i Q ^fc-i, the family 
{Fuk-i^ '■ c G Cfc_i} is e-disjoint and e(l — 6(5)-covers Ak-i and 

(2.2) 1 - e(l - 6^) > '"^"'^ )/"'7^'"'' > 1 - <1 - 6^) - 6^- 

Moreover, by (pTTj) and ([^^ we have 

|^fc_i\F„,_,Cfc_i| |^fc_i\F„,_,Cfc_i| |F^,\F„,Cfc| 



l^^l \Ak-i\ \F^\ 

< (l-6(l-6<5))(l-e(l-<5))<(l-|)'. 

Inductively, we get {Cfc, • • • , Ci} C F(G) such that ii I < i ^ j < k then F„,Ci n F„^.Cj 
and if i = 1, ■ • • , fc then Fn-Ci C F/„ and the family {F„.c : c G Ci} is e-disjoint. Moreover, 
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Thus, {Fn-Ci : i = 1, ■ • • ,k} forms a (1 — e)-cover of F/„. This ends the proof. D 

2.2. Convergence key lemmas. Let / : F{G) — > R be a fuiictfon. We say that f is 

(1) monotone, if f{E) < f{F) for any E,F e F{G) satisfying E C F; 

(2) non-negative, if f{F) > for any F e F{G); 

(3) G-mvanant, if f{Fg) = f{F) for any F £ F{G) and g e G; 

(4) sub-additive, if f{E U F) < f{E) + f{F) for any E,F e F{G). 
The foUowing lemma is proved in |301 Theorem 6.1]. 

Lemma 2.4. Let f : F{G) — > M 6e a monotone non-negative G-invariant sub-additive (m.n.i.s.a.) 
function. Then for any F0lner sequence {i^njneN ofG, the sequence { i p V jngN converges and the 
value of the limit is independent of the selection of the F0lner sequence {Fn}n£N- 

Proof. We give a proof for the completion. Since / is G-invariant, there exists M G R+ such that 
f{{g}) = M for all g e G. 

Now first we claim that if {F„}„gN with e^ G -Fi C i^2 ^ ■ • • and {F^}„gN are two F0lner 
sequences of G then 

(2.3) hm sup Ij^ < lim sup Ij^ . 

71— !- + oo \-fn\ n-i-+oo \-fn\ 

Let e G (0, -j) and N (^ N. By Proposition 12.31 there exist integers ni,--- , n^ with N < ni < 
■ ■ ■ < rifc such that when n is large enough then F„^ , ■ ■ ■ i Puk e-quasi-tile F^ with tiling centers 
C", • • ■ , CJ}. Thus, when n is large enough then 

(2.4) F:^d\J Fr^fil and | [j F^^C^ > max{(l - e)|F;j, (1 - e)^ |Cr| • |F„J}, 



which implies 



fiFi,) ^ fjF;, \ uti fn.cr) + /(uti K.gr) 



F', 



< M^^uti^.Gn , /(uti^..Q') 



1^1 \UliFnA 



,k 



< Me 



/(uti-F„.cr) 
iuti^,cri 



V- i^ri/(^« 



A: 

< A/e + y '"'\"^^"'^ (using dH])) 



2.5 < Me H max ;- < Me H sup -. 

l-ei<i<k |F„J l-em>7v \Fm\ 

Now letting e — > 0+ and A^ -^ +oo, we conclude the inequality p.3p . 

Now let {iJ„}„gN with Cg & Fli C H2 Q ■ ■ ■ be a F0lner sequence of G. Clearly, there is a 
sub-sequence {iJ„^}„igN of {Hn}nefi such that 

(2.6) lim 11^11^ = luniniil^. 

m-!-+oo |rfn^| n-s-l-00 |il„| 

Applying the above claim to F0lner sequences {_ff„^}mgN and {Hn}neN (see (|2.3p ). we obtain 
lim sup 4^ < lim sup lilh^ = liminf ^^ (by dH])). 
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Thus, the sequence { ig \ }n&i converges (say N{f) to be the value of the hniit). Then for any 



F0lner sequence {F,i}ngN with cq <E Fi 'Z F2 '^ ■ ■ ■ of G, the sequence { \p \ jwgN converges to 



N{f) (by 

FinaUy, in order to complete the proof, we only need to check that, for any given F0lner sequence 

{i^njneN of G, if {F^}„gN is any sub-sequence of {F„}„gN such that the sequence { ij., | }ngw 



fiEA' 



\K\ 



converges, then it converges to N{f), which implies { i p V jngw converges to N{f). Let {F^}„gN 
be such a sub-sequence. With no loss of generality we assume lim L" = (if necessity we 

take a sub-sequence of {Fl^}n£fi), where F* — {ec} U UiLi ^l for each n. It is easy to check that 

fiK) 
WIT 



ec S F * C F2* C • • ■ forms a F0lner sequence of G and so the sequence {nWr}neN converges to 



N{f) from the above discussion. Note that, for each n G N, 



Fn+ll Kra+ll 



< 



< 




1 1 


1 


-ll 1 


i^„*+ii 
1 \ 


1 + 


i^„*i 



\FUi\ 



By letting n -^ +00 one has lim„^+oo ip-^^] = liin„_j.+oo 1 p "'^^ = N(f), that is, the sequence 
{ lf/| jngw converges also to N{f). D 

Remark 2.5. Recall that we say a set T tiles G if there is a subset C such that {Tc : c G G} is a 
partition of G. It's proved that if G admits a F0lner sequence {Fn}ni£N of tiling sets then for each 
/ as in Lemma \2^\ the sequence { if | jngw converges to inf„gN \f\ '^"■^ ^^^ value of the limit is 
independent of the choice of such a F0lner sequence, which is stated as |451 Theorem 5.9]. 



The following useful lemma is an alternative version of (|2.5|) in the proof of Lemma [ 

Lemma 2.6. Let cq ^ Fi C_ F2 Q ■ ■ ■ be a F0lner sequence of G. Then for any e G (0, ■£} and 
A^ G N there exist integers fii, • • • , Jifc with N < ni < ■ ■ ■ < nf. such that if f : F(G) — ;■ R a 
m.n.i.s.a. function with M = f{{g}) for all g (z G then 

lim , „ , < Me H max -r— — ;- < Me 1 -i + max 



n^+00 \Fn\ I - e i<i<k |F„J \ l-ey !<»<*; |F„J 

3. Entropy of an amenable group action 

Let {-FnjragN be a F0lner sequence of G and fix it in the section. In this section, we aim to 
introduce the entropy theory of a G-system. By a G-system {X, G) we mean that X is a compact 
metric space and T : G x X ^ X , (g , x) t-^ gx is a, continuous mapping satisfying 

(1) r(eG, x) = X for each x G X, 

(2) T{gi,T{g2,x)) =T{gig2,x) for each 31,32 e G and x e X. 

Moreover, if a non-empty compact subset W Q X is G-invariant (i.e. gW = W for any g G G) 
then {W, G) is called a sub-G -system of (X, G). 

From now on, we let (X, G) always be a G-system if there is no any special statement. Denote 
by Bx the collection of all Borel subsets of X. A cover of X is a finite family of Borel subsets of X , 
whose union is X. A partition of X is a cover of X whose elements are pairwise disjoint. Denote 
by Cx (resp. C^) the set of all covers (resp. finite open covers) of X. Denote by Vx the set of all 
partitions of X. Given two covers iY, V G Cx, U is said to be finer than V (denoted by Z-/ ^ V or 
V ^IX) if each element oilA is contained in some element of V; set U\IV = {U r\V : U ZU,V Z V}. 
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3.1. Topological entropy. Let U G Cx- Set N{U) to be the minimum among the cardinalities of 
all sub-families oiU covering X and denote by 4^{U) the cardinality oiU. Define H{U) ~ log N{U). 
Clearly if W, V e Cx-, then H{U W) < H{U) + H{V) and H{V) > H{U) when V>U. 

Let F e F{G) and U G Cx, set Up = \J gepS^^^ (letting W© = {X}). It is not hard to check 
that F E F(G) t-^ H{Up) is a m.n.i.a.s. function, and so by Lemma I^TH the quantity 

htop{G,U)= lim j^HiUpJ 

exists and htop{G,U) is independent of the choice of {-FnjnGN- htop{G,U) is called the topological 
entropy ofU. It is clear that htop{G,U) < HiU)- Note that \iU1M2 e Cx, then htop{GMi V^2) < 
htop{G,Ui) + htop{G,U2) and htop{G,h(2) > /itop(G,Z//i) when Z//2 ^ ^i- The topological entropy of 
{X, G) is defined by 

/itop(G,X)= sup htop{G,U). 

3.2. Measure-theoretic entropy. Denote by M{X) the set of all Borel probability measures on 
X. For /i G A^(X), denote by supp(/x) the support of ^, i.e. the smallest closed subset W Q X 
such that fJ.{W) — 1. fi G A4{X) is called G-invariant ii gfi = n for each g € G; G-invariant 
f G A^(X) is called ergodic if i^(|J gg, (/A) = or 1 for any A G ^Sx- Denote by Ai{X,G) (resp. 
A1'^(X, G)) the set of all G-invariant (resp. ergodic G-invariant) elements in A4{X). Note that the 
amenability of G ensures that 7^ A^'^(X, G) and both Ai{X) and A^(X, G) are convex compact 
metric spaces when they are endowed with the weak*-topology. 

Given a G Vx, M G M{X) and a sub-cr-algebra ^ C Ba', define 

Hf,{a\A)^y] f -E{lA\A)\ogE{lA\A)d^i, 

where E(lyi|^) is the expectation of 1a with respect to (w.r.t.) A. One standard fact is that 
Hfj,{a\A) increases w.r.t. a and decreases w.r.t. A. Set M = {0,X}. Define 



H^{a) - H^ialM) - V ~ fi{A) log fi{A) . 



E 

Aea 



Let /3 G Vx- Note that ;9 generates naturally a sub- tr- algebra ~^(/3) of Bx, define 

Now let /i G 7W(X, G), it is not hard to see that F G F{G) 1— )■ H^{ap) is a m.n.i.a.s. function. 
Thus by Lemma 12.41 we can define the measure-theoretic ji-entropy of a as 

(3.1) /ip(G,a)= lim ——Hf,{ap^)[^ inf --—Hf,{ai 

where the last identity is to be proved in Lemma |3. II (4). In particular, h^{G, a) is independent of 
the choice of F0lner sequence {i^„}„GN- The measure-theoretic ^-entropy of {X,G) is defined by 

(3.2) /V(G,X)= sup h^iG,a). 

aeVx 

3.2.1. The proof of the second identity in p.ip . 

Lemma 3.1. Let a G Vx, fJ- e M{X), meN and E, F, B,Ei,--- ,Ek £ F{G). Then 
1: Hf_,{aEuF) + Hf_,{aEnF) < Hf_,{aE) + Hf^^ap). 
2: If lB(.g) = ^ J2i=i Is.(ff) holds for each g eG, then H^{aE) < ^ Y.'i=i Hii{<^E,)- 



3: 



H.iap) < Y, r^^M(«Bs) + |F \ {.g G G : B-'g C F}| • log#(a). 
// in addition fj, G A4{X, G), then h^{G, a) = 'yaiE^p(G) \b \ ■ 
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Proof. 1. The conclusion follows directly from the following simple observation: 

Hf,{aEuF) + HfiictEnp) = Hf_i{aE) + Hf_i{aF\aE) + H^{aEnF) 

< H^{aE) + H^{aF\aEnF) + H^{aEr\F) 
= Hfj^iaE) + Hf^iap)- 

2. Clearly, lJi=i ^i = E- Say {Ai, • • • , An} = \l 'i=i{Ei,E\Ei} (neglecting ah empty elements). 
Set Kq = 0, K, = Uj=i Aj, i = !,■■■ ,n. Then $ = Kq g Ki C ■ ■ ■ C K^ = E. Moreover, if 
for some i = 1, • • • ,n and j = 1, • • • ,k with Ej D {Ki \ Ki-i) ^ then Ki \ Ki^i C Ej and so 
Ki = /\j_i U {Ki n Ej), thus H^{aKi) + H^{aKi_inE,) < H^[aK,_i) + H^[aK,nEj) (using 1), i.e. 

(3.3) H^{aK,) - H^{aK,_J < H^{aKinE,) - H^{aK,_inEj)- 

Now for each z = 1, • • • , n we select ki e Ki \ Ki^i, one has 

H^{aE) = y^ — y^lg^(fc,) {H^{aKi) - Hf_,{aK,_J) (by assumptions) 



1 *-■ 

< — E E (^^("^inB,) -i?Aj(aXi_inB,)) (using dlSl)) 

j = l l<i<n:fciG£;j 
k n -\ ^ 

- -EE(^'^(°^^-nB,)-i?M(a^>-in£,)) = -^^M(a£.)- 

3. Note that l{heBF:B-^hCF}i.f) = ^ EgeF l{hei3s:B-ihCF}(/) for each / e G. By 2, one has 

(3.4) Hf,{aiheBF:B-^hCF}) ^ 7^ E ^P-i'^lheBg-.B-^hCF}) ^ 7^ E ^t^i^Bg), 

' ' geF ' ' geF 

which implies 

H^iap) < Hi^{a{heBF:B"^h<ZF}) + H^{oLF\{heBF:B-^h<ZF}) 

^ Y^\Y. H^Bg) + \F\{heBF: B-'h C F}\ ■ log#a (using ([331)) 

' ' geF 

^ JWlT. HMBg) + \F\{heG: B-'h C F}\ ■ log #a. 
' ' geF 

4. If in addition fi is G-invariant, then by 3, for each n G N we have 

j^^H^iapJ < ^ E ^^m("Bs) + ^l^n \ {5 e G : 5-^5 ^ i^„}| • log#a 
geF„ 

= W1I2 mH^ir'ic^B)) + v^\Fn\{g e G : B-'g C Fn}\ -log^a 

(3.5) = -^H^{aB) + j^\Fn\{geG:B-'gCFn}\-\og#a. 

\B\ l^n 

Set B' = B~^ U {ec}. Note that for each 5 > 0, Fn is {B' , J)-invariant if n is large enough and 

F„ \ {g e G : fi-ig C F„} = F„ n S(G \ K) C (B')"'K H (B')-i(G \ K) = B(F„, B'), 
letting n — > +CXD we get 

(3.6) hm J-\Fn\{geG:B-^gCFn}\^ liin ffi|l^ = 0, 



h-{GM)= lim -—H^{Uf^) 
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and so h^{G,a) < pgTiJ^(aB) (using p.5p and (|3.6p ). Since B is arbitrary, 4 is proved. D 

Remark 3.2. In |32| . Lemma fg.il /^j j is called the strong sub-additivity of entropy. In his treatment 
of entropy for amenable group actions [32i Chapter 4], Ollaginer used the property rather heavily. 

3.2.2. Measure-theoretic entropy for covers. Following Romagnoli's ideas |40], we define a new 
notion that extends definition p.ip to covers. Let /i G M-{X) and A C Bx be a sub-cr-algebra. 
For U £ Cx, we define 

H^{U\A) = inf H^ia\A) and i7^(W) = H^(U\N). 

aeVx'-ayU 

Many properties of the function IIf^{a) are extended to H^j^ihl) from partitions to covers. 

Lemma 3.3. Let fi e J^{X), A C Bx be a sub-a- algebra, g £ G and Ui,U2 € Cx- Then 
1: < Hf,ig-^Ui\g-^A) = Hg^{Ui\A) < H{Ui). 
2: IfUi h U2, then H^{Ui\A) > H^{U2\A). 
3: Hf,{Ui \JU2\A) < H^{Ui\A) + H^{U2\A). 

Using Lemma [5^ one gets easily that if /i G M{X^ G) then F G F{G) ^-> H^{Uf) is a m.n.i.s.a. 
function. So we may define the measure-theoretic fi~ -entropy of 14 as 

1 

n->+oo \F„\ 

and h~{G,U) is independent of the choice of F0lner sequence {F„}„gN (see Lemma [2.41) . At the 
same time, we define the measure-theoretic fi-entropy oflA as 

h^{GM)^ inf h^{G,a). 

a£Vx'-a'(lU 

We obtain directly the following easy facts. 

Lemma 3.4. Let ^ e M{X,G) andU,V eCx- Then 

1: h-{G,U) < hf,{G,U) and h^{G,U) < htop{G,U). 

2: hf,{G,UyV) < hf,{G,U)+h^.{G,V) and /i-(G,W W) < h-{GM) + h-{G,V). 

3: IfU y V then hf,{G,U) > hf,{G,V) and h-{G,U) > h-{G,V). 

3.2.3. An alternative formula for p.2p . Let /i G M{X, G). Since Vx ^ Cx, we have 

(3.7) /i^(G,X)= sup h-{GM)^ sup h^{GM)- 

ueCx ueCx 

In fact, the above extension of local measure-theoretic entropy from partitions to covers allows us 
to give another alternative formula for p.2p . 

Theorem 3.5. Let ^ G M{X,G). Then 

(3.8) /i^(G,X)= sup h-{G,U)^ sup h^{GM)- 

Proof By ([XT)) . h^{G,X) > sup;^gc° h^(G,U). For the other direction, let a = {Ai,--- ,Ak] G 

T'x and e > 0. 

Claim. There exists U G C°x such that i7^(.g-ia|^) < e if 5 G G and /3 G Vx satisfy /3 ^ g^^W. 

Proof of Claim. By [43l Lemma 4.15], there exists 61 = (5i(fc, e) > such that if /3i = {B\, • ■ • , B^} G 
■Px,* = 1,2 satisfy J2i=i l^i^l ^^f) < '^i then ii/^,i(/3i|/32) < e. Since fi is regular, we can 
take closed subsets Bi C Ai with ^(A^ \ S^) < ^, i = I,--- ,fc. Let Bq = X \ lJi=i -^i, 
Ui = BoUB„i = l,--- ,k. Then //(Bq) < |^ and Z^ = {Ui, • • • , C/fc} G C^. 
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Let g G G. If /3 G Vx is finer than g^^U, we can find /?' = {Ci,--- ,Ck} 6 Vx satisfying 
Ci C g-^U„ i = 1, • • • , fc and /3 ^ /3', and so Hfj,{g-^a\P) < Hf,{g-'^a\l3'). For each i = I, • • • , fc, 
as g~^Ui ^ Ci ^ X \ IJ; /, g~^Ui = g~^Bi and g~^Ai D g~^Bi, one has 

AAA 

A.(C,A5-iA,) < Ai(g-M, \ g-^B,) + M(.g-^i?o) = A^(A, \ B,) + ^i{Bo) < ^ + ^ < f ■ 
Thus X;Li M(CiAg-iAj) < (Si. It follows that Hf,{g-^a\l3') < e and hence H^{g-^a\l3) < e. D 

Let F £ F{G). If /3 g Vx is finer than Z^i?, then (3 >z g^^U for each g G i^, and so using the 
above Claim one has 

H^^iap) < H^{(3) + H^iaplP) < H^{P) + ^ H,,{g-^a\(i) < H^{(i) + \F\e. 

Moreover, H^lap) < Hi^iiUp) + |^|e- Now letting F range over {i^„}„gN one has 
hfj,{G,a) = lim — — i/^(aF„) < hmsup — — 7:f^(Wi^„) + e 
= h-{G,U) + e < snp h-{G,V) + e. 

VGCJ 

Since a and e are arbitrary, hf^{G,X) < sup h7^{G,V) and so 

vec°. 



/im(G,X) < sup /i"(G, V) < sup h^{G,V) (by Lemma [3l](l)). 
vec° vgc° 



D 



3.2.4. U.s.c. of measure-theoretic entropy of open covers. A real-valued function / defined on a 
compact metric space Z is called upper semi- continuous (u.s.c) if one of the following equivalent 
conditions holds: 

(Al) limsup^,^^ /(^') ^ fiz) for each z G Z; 

(A2) for each r G M, the set {z e Z : f{z) > r} is closed. 
Using (A2), the infimum of any family of u.s.c. functions is again a u.s.c. one; both the sum and 
the supremum of finitely many u.s.c. functions are u.s.c. ones. 

In this sub-section, we aim to prove that those two kinds entropy of open covers over y\4 {X, G) 
are both u.s.c. First, we need 

Lemma 3.6. Let U = {C/i, ■ • • , Um} G C\ and F G F{G). Then the function ■0 : Mi^X) -^ R+ 
with ipi^) = i'aiae'Px--ahU Hfilap) is u.s.c. 

Proof. Fix /i G A4{X) and e > 0. It is sufficient to prove that 

(3.9) lim sup -0(^') < Tpi^i) + e. 

We choose a G Vx such that a >U and Hf^(ap) < ^{ij.) + |. With no loss of generality we 
assume a — {Ai, • ■ • , Am} with Ai C Ui, 1 < z < M. Then there exists S ~ S{M, F,e) > such 
that if P^ = {Bl, • • • , BIj} G T'x, * = 1, 2 satisfy ZZi Eg^F 9t^{B}ABf) < S then i?4/3].|/?|) < 
EgeF Hg^^W^m < f (m Lemma 4.15]). Set U;^p ^ {P e Vx : 13 hU, KUb&0, dB) = 0}. 
Claim. There exists (3 = {i?i, ■ • • , Bm} eU* p such that H^{l3F\aF) < f ■ 
Proof of Claim. Let Si G (0, ^). By the regularity of fi, there exists compact Cj C Aj such that 

(3.10) ^g^(A,\Q)<^,j = l,-.-,M. 

geF 
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For j 6 {1, • • • , M}, set Oj = Uj D {X \ lJi=t,- C'Oj then Oj is an open subset of X satisfying 
(3.11) A, C Oj C U, and ^ gfi{0, \ A,) < JIII •9'^(^' \ ^^) < ^^^ ^^ ^J \ ^j C (J A, \ C,. 

Note that ii x G X then there exist at most countably many 7 > such that {y € X : d{x, y) = 7} 
has positive g/i-measurc for some g € F. Moreover, as Oi, • ■ • , Oa/ are open subsets of X and 
Uz=i *^i = X, it is not hard to obtain Borel subsets Cj*,--- , CjJ/ such that C* C Oi,l < i < 
M, [jfLi C* = X and Y.ti EgeF MdC*) - 0. 

Set Bi = CI, Bj = C* \ (UC! C*), 2<j< M. Then /3 = {B^, • • • , Bm} £ T'x and ^tH- 
As g~^{dD) = d{g~^D) for each g € F and Z? C X, by the construction of Ci,--- , Cj^^ it's 
easy to check that /^(Usefl dB) = and so /3 G W*j^. Note that if 1 < j 7^ J < M then 
Bj n C, C Oj- n C, = 0, which imphes Q C B^ C O., for alll < i < M. By (|XTU)) and ((XTT|> . 

M M M 

Y, E 5M(^. Ai?,) < E E (5A^(^^ \ ^0 + 9^^(o. \ ^^)) < E ^-^i < -^^ 

i=l gg_F 1=1 gGF 2=1 

Thus Hfj,{(3F\aF) < § (by the selection of S). This finishes the proof of the claim. D 

Now, note that /3 G Px satisfies (3 ^U and M(lJsef) ^^) = 0: one has 

hmsup -0(/i') < hmsup Hf_,>{(3F) = H^{13f) 

ij.'^fj.:ij.'£Mix) ^J.'^^l,^l'eM(X) 

< Hf^iap) + Hf,{l3F\aF) < VXm) + e (by Claim). 

This establishes (|3.9p and so completes the proof of the lemma. D 

Lemma 3.7. Let 1^1 G M{X,G), M G N and e > 0. Then there exists 5 > Q such that if 
U = {Uu--- , Um} e Cx, V = {Fi, • • • , Vm} e Cx satisfy ^l{UAV) = E™=i ^^iU„^AV^) < S then 
\h^{GM)-K{G,V)\ <e. 

Proof. We follow the arguments in the proof of [21] Lemma 5]. Fix 7\/ G N and e > 0. Then there 
exists S' ~ d'{M,e) > such that for Af-sets partitions a, P oi X, if /i(aA/3) < S' then H^{j3\a) < e 
(see for example [121 Lemma 4.15]). Let U ~ {[/i, ■ • • , Um} and V = {Vi, • ■ • , Vm} be any two 
M-sets covers of X with fi{UAV) < jj = 5. 

Claim, for every finite partition a>zU there exists a finite partition /3 >^ V with H^{fi\a) < e. 

Proof of Claim. Since a>U, there exists a partition a' — {Ai,--- ^Am} with At C [/j, i = 
1, ■ • ■ , Af and a ^ a', where Ai may be empty. Let 



^1 = ^1 \ U (^'^ ^ ^'^)' 

*;>1 

B, = YA\\]{Au^ Vk) U y bJ , * G {2, • • • , Af}. 

Then /3 = {Bi, • ■ • , Ba/} G T'x which satisfies B^ ^ Ki and A,n n Kn C i?„ for m G {1, ■ • • , M}. 
It is clear that A,„ \ i3,„ C Um \ Vm and 

Bm \ A„ = j X \ U B J \ A™ = U A, \ U Bk 

C \J{Ak\Bk)^\J{Uk\Vk). 

k^m k^rn 
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M 

Hence for every to £ {1, • • • , M}, A„,ABm C IJ (UkAVk) and /i(a'A/?) < M ■ ^(^AV) < S'. This 

fe=i 
implies that H^{/3\a') < e. Moreover, Hf,{(3\a) < H^,{(3\a') < e. D 

Fix n G N. For any a G 'Px with a >z Uf„, wc have ga > U for g e F„. By the above 
Claim, there exists /3g G "Px such that (ig >V and H^{l3g\ga) < e, i.e., iJ^((7~^/3g|a) < e. Let 
/3 = VgeF„ 5"^/3ff- Then /3 € Px with ^ ^ Vf„. Now 

H^^iVrJ < H^W) < Hf^iP V a) = H,,{a) + H^{P\a) 

< H^ia) + Y, H^,{g~'f3g\a) < H^{a) + ne. 
9eF„ 

Since this is true for any a g Vx with a >: Uf„^ we get rpr-^H ^j^{V f^) < t^M^(Uf„) + £■ 
Exchanging the roles of U and V we get 

Thisshows ^|i:/^(Wi;^„)-i/^(VF„)| < £• Letting n ^ +cx), one has |/i^(G,W)-/i^(G', V)| < e. D 

Now we can prove the u.s.c. property of those two kinds of measure-theoretic entropy of open 
covers over M{X, G). 

Proposition 3.8. LetU G C^. Then h{.}{GM) : M{X,G) -^ R+ is u.s.c. on M{X,G). 

Proof. Note that 

aeV'x'.a^U " "f^ ^ "■ ' ~^' aeVx^ayU BeF(G) \ B \ 

= inf inf ^^. 

BGF(G)aeVx:ayU \B\ 

Since /i i— )■ iniaeVx-ayu Hfj^^as) is u.s.c. (see Lemma [3. 6p and the infimum of any family of u.s.c. 
functions is again u.s.c, one has h^.^{G,U) : A4{X,G) -^ M+ is u.s.c. on Ai{X,G). D 

Proposition 3.9. LetU G C^. Then h^y{G,U) : M{X,G) -^ R+ is u.s.c. on M{X,G). 

Proof. With no loss of generality we assume ec G Fi C ^Pj ^ • ■ • by Lemma [2^ Let /i G A4{X, G) 
and e G (0, \). Then there exists iV G N with 

(3.12) ,^^^hlMLA<h-(^GM) + l- 

n>N KtiI ^ 

By Lemma |2.6[ there exist integers ni, ■ • • ,nk with N < ni < ■ ■ ■ < Uk such that 

,^tmA r HjpiF^ H^il^pJ , eH,{U) 

h^[G,U) = lim — — — — < max ' 



h^,{GM) = ,Jnf ,>p(G,a) == Jnf __ inf_ —77^ (by Lemma O (4)) 



n->+oo |F„| - l<i<fc |F„J 2l0g(7V(W) + l) 

(3.13) < max — p — ^ + - for each v ^ M(X,G). 

l<i<k IFnA 2 



Then we have 



H.'iUFj 
"^,1-^,"; ^ 7;+ limsup max — 



limsup h ,{G,14) < — h limsup max — — — p— (using p.l3p ) 



H^'{Uf^^) 
= - + max limsup — — — p— 

e H^{Uf„.) , , 

< — h max — ; r— fLemma 13.61) 

2 i<i<fc |F„J 



(3.14) < -+sup 7^f"^ </i;(G,^) + £(using(|3l2D). 

^ »i>Af \-fn\ 
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Thus, we claim the conclusion from the arbitrariness of /i G A4{X, G) and e 6 (0, j) in p.l4p . D 

3.2.5. Affinity of measure-theoretic entropy of covers. Let /i = ai^+(l — 0)77, where i^, 77 G A4{X,G) 
and < a < 1. Using the concavity of <f){t) ~ —tlogt on [0, 1] with 0(0) = (fix it in the remainder 
of the paper), one has ii ^ e Vx and F e F{G) then < ^^(/Sf) - aH^i^p) - (1 - a)H^{PF) < 
<f>{a) + (/)(! — o) (see for example the proof of [43l Theorem 8.1]) and so 

(3.15) /i^(G, /3) = aK{G, 13) + (l - a)h,,{G, /3), 

i.e. the function /i{.}(G, /3) : M-{X,G) -^ R+ is affine. In the following, we shall show the affinity 
ofh{.}{GM) and h^,^{G,U) on7W(X,G) for each Z^ G Cx ■ 

Let /i G M{X, G) and B^ be the completion of Bx under ^. Then {X, ;B^, A*, G) is a Lcbesgue 
system. If {ai}ie/ is a countable family in Vx, the partition a = Vie/ "^* ^ {Plig/ Ai : Ai ^ ai, i G 
/} is called a measurable partition. Note that the sets A G B'^, which are unions of atoms of a, 
form a sub-cr-algebra of B'^, which is denoted by a or a if there is no ambiguity. In fact, every 
sub-(T-algebra of B'^ coincides with a a-algebra constructed in this way in the sense of mod fi [38] . 
We consider the sub-cr-algebra /,j = {A G B'^ : ^{gAAA) ~ for each g G G}. Clearly, I^ is 
G-invariant since G is countable. Let a be the measurable partition of X with a = I^^ (mod /i). 
With no loss of generality we may require that a is G-invariant, i.e. gen = a for any g G G. Let 
^ = J^ ^xd^{x) be the disintegration of ^ over /^, where ^^ G Ai'^{X,G) and /ia;(Q!(x)) — 1 for 
fi-a.e. X G X, here a(a;) denotes the atom of a containing x. This disintegration is known as the 
ergodic decomposition of /i (see for example |171 Theorem 3.22]). 

The disintegration is characterized by properties (|3.16l) and (|3.17p below: 

(3.16) for every / G L^{X,Bx, fJ.), f e L^{X,Bx, Hx) for ^-a.e. x e X, 
and the map x ^ f{y) d^xiv) is in L^{X, I^, /i); 

(3.17) for every / G L'{X,Bx, ti),Mf\I^){x) = [ f dfi, for ^^-a.e. x e X. 

J x 

Thenfor /GLi(X,Sx,/i), 



(3.18) j U fdfi^j dfi{x)^ J fdfi. 

Note that the disintegration exists uniquely in the sense that ii fi ~ J^ iixdfi{x) and fi = 
Jy fi'^dfi{x) arc both the disintegrations of fi over /^t, then fi^ ~ fJ-'^ for /^-a.c. x £ X. Moreover, 
there exists a G-invariant subset Xq C X such that /^(Xg) = 1 and if for x G Xq we define 
Tx = {2/ £ ^0 • fJ-x = fJ-y} then F^; ~ a{x) n Xq and T^ is G-invariant. 

Lemma 3.10. Let ji G A^(X, G) with M = /v lJi-xd^{x) the ergodic decomposition of fj, and V G Cx- 
Then H,,{V\I^) = J^ H^^{V)df,{x). 

Proof Let V = {Fi, ■ • • , KJ- For any .s = (s(l), • • • , s{n)) G {0, 1}", set Vs = HIli ^«(s(0), where 
1^(0) = Vi and Vi{l) ^ X\Vi. Let a = {Vs : s G {0, 1}"}. Then a is the Borel partition generated 
by V and put P(V) = {/? G Px : o; ^ /3 >^ V}, which is a finite family of partitions. It is well 
known that, for each 6 G Ai{X) one has 

(3.19) Hg{V) = min Hg{P), 

/3eP(v) 

see for example the proof of [3D1 Proposition 6]. Now denote P{V) ~ {/3i, • • • , Pi} and put 
A.^LeX: H^^ (/3,) ^ ^min^ i/^^ (/3)| , z G {1, • • • , /}. 

Let Bi = Ai, S2 = A2 \ Bi, • • • , B, = A, \ Utl B, and Bo = X \ ULi ^- By (ESD, ^(^0) = 0. 

Set /3* = {So n /3i} U {B, n /3, : i = 1, ■•■,/} G Px (mod a^)- Then ^* h V. Clearly, for 

i G {I,--- ,1} and /i-a.e. x G Bj, H^^{/3*) = H^^{l3,) = min^gp(v) -ff^J^S) = -ff^jV) where the 
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last equality follows from (|3.19p . Combining this fact with /i(i?o) = one gets H^^{/3*) = H^^iV) 
for fi-'d.c. X £ X. This implies 

H^,{V\I^) < H^il3*\I^)^ f H^^{nd^i{x)insmg^M) 

Jx 

H^AV)dfi{x) < inf / H^^{f3)dfi{x) 
inf Hf,{l3\I^) = H^{V\If,). 

Thus Hf,{V\If,) = J^ H^,^ {V)d^{x). This finishes the proof. D 

Then we have 
Proposition 3.11. LetU eCx and ^ e M{X,G). If ea e Fi C F2 C ■ ■ ■ then 

Proof. It is easy to check that F G F{G) n- H^{Uf\Ii_l) is a m.n.i.s.a. function, and so the sequence 
{7^i/^(Wi?„|/^)}„gN converges, say it converges to fu (see Lemma^H). Clearly h^{G,U) > fu- 
Now we aim to prove h~{G,U) < fu- Let e G (0,-|) and N G N. By Proposition 12.31 there 
exist integers ni, • • • ,71^. with N < rii < ■ ■ ■ < n^. such that if n is large enough then i^„j , • ' ' i ^njj 
e-quasi-tile the set i^„ with tiling centers C" , • • ■ , C^ and so 

fc fc r k ^ 

(3.20) J^n ^ U ^".^^ '^^d I U F„.Cr I > max I (1 - e)|F„|, (1 - e) ^ |Cri • |i^„. | [ ■ 

2=1 i=l I i=l J 

Thus if a G Px and n is large enough then 

fc 
i/^ (Wf„ I aF„ ) < H^ {Up^ \Ufc 1 F-xi c," I "-F.. ) + X! -^^ (^^"i <^." I "-f"" ) 

i=l 

(3.21) < |F„ \ U i^„.Cr| ■logiV(W) + ^i/^(WF„^cH«F„.c.")- 

i=l 'i=l 

This implies 

lim sup — — H^ {Uf„ I aF„ ) 

n— >+cxD l-^n 

1 ^ 

< elogiV(W) +limsup— — ^ ^ i?^(WF„.ff|aF„.ff) (using (13:201) and dS^H))) 

y~>'^ If iic"I 1 

< e log iV(^) + lim sup ^'^\' "1 ™^^ TEr-\H,,{UF^.\aF„.) 

1 1 

max - — 

1 - e i<i<k \F, 

Thus 



< e log iV (W) + :; max j^^ H^ {Uf^ Wf^.) (using (|3:20| ) . 



(3.22) < h ^,{G, a) +e\og N{U) + 



-(Hf,[UFjaFj 

1 I 

1 1 



h-{G,U) < l[msup—-iH^{UFjaFj + H^{aF,J) 

n— S- + CO \-t'n\ 



max -— -r Hfj, {Uf„ . | aF„ . ) ■ 



Note that if a G Vx satisfies a (_ I^ then h^{G, a) = 0. In particular, in (|3.22l) we replace a by 
sequence {aijigN in "Px with a^ /^ I^, then 

/^;(G,W) < elogiV(iY) + -^ sup -^H^{UFJI^:). 
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Since the above inequality is true for any e G (0, j) and N gN, one has h {G,U) < fu- Q 

Lemma 3.12. Let U G Cx o-nd fi G A4{X, G) with fJ- ~ Jv y^xd^ii-ix) the ergodic decomposition of 
fi. Then 

h^{GM)= I h-JG,U)dfi{x) andh^{GM)= f h^^{G,Vl)dn{x). 
Jx ^ Jx 

Proof. With no foss of generahty we assume e^j G Fi C F2 C • • • (by Lemma 12. 4p . Then we have 
h-iG,U) = hm J-H^iUpM^) (by Proposition EH]) 

'^ ri-i.+oo \rn\ 

= hm / Hu [Up )dfi{x) (by Lemma 13. lOp 

ri-^+00 \Fn\ Jx 

= / hm -Ha {Up )dfJ.{x) (by Dominant Convergence Theorem). 

J^n^ + 00 \Fn\ 

That is. h~{G,U) ~ J^ h~^{G,U)dfi{x). In particular, if a G Vx then 
(3.23) hf,{G,a)^ [ h^^{G,a)d^i{x). 



IX 

Next we follow the idea of the proof of [231 Lemma 4.8] to prove h^{GM) = Jx ^mi^(^'^)'^/^(-*")- 
Let U = {C/i,--- ,Um} and put U* ^ {a = {Ai,- ■■ ,Am} & Vx ■ Am Q Um,m =!,••• ,M}. As 
{X,Bx) is a standard Borcl space, there exists a countable algebra A C Bx such that Bx is the 
cr-algcbra generated by A. It is well known that if i/ G J^(X) then 

(3.24) Bx = {AeBx -.y e>0,3B eA such that u{AAB) < e}. 

Take C to be the countable algebra generated by A and {Ui, • • • , Um}, then T = {P G U* : P C C} 
is a countable set and for each a € U* , e > and ly G Ai{X) there exists /? G J-" such that 
j^(aA^) < e by (|3.24p . i.e. T is L^{X,Bx,'^)-dcnsc in U* . In particular, say J" = {ak : fc G N} 
(denote ak = {A'i, • ■ • , A^^} for each A: G N), if i^ G A^(X, G) then 

(3.25) K{GM) = inf h^{G,a) = inf K{G^ak). 

aeU* keti 

First, for one inequality one has 

hf,{G,ll) = Mhf,iG,ak)^mi [ hf,^{G,ak)dfi{x)) (by dS^SD) 

> / inf V(G,afe)rfM(2:)- / h^^{G,U)dti{x) (by (ESSD)- 

For the other inequality, let e > 0. For each n G N define B^^ = {x ^ X : h^^{G,an) < 
hfj,^{G,U) + e}. Then B^ is G-invariant and MdJneN-^n) = 1 by p.25p . and so there exists a 
measurable partition {X„ : 71 G N} of X with X^, G I^ and yu(X„) > 0, and a sequence {afe„}neN 
such that for each n G N and /z-a.e. a; G X„ one has h^^ (G, «&„ ) < h^^ (G, W) + e. For every ri G N 
we define /Xn(-) = 777^7 /x A*a:(' i^ -^n) £^^(3^) S A1(X, G). We deduce 

h^.^ (G, afe„ ) = — ^ / /i^, (G, «,„ ) dti{x) (by dSSSl)) 

1 



<— -— / V(G,W)ci/x(x)+e. 
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Note that, by definition, for every n G N, /i„(X„) = 1 and /i„(Xj,) = if fc ^ n. For m G 
{!,■■■ ,A/}define A„ = U„GN(^»nylJ;,"), thcna = {yli,--- ^AmJ^U*. We get, 

h^,{GM) < /i^(G,a)==^Ai(X„);i^„(G,a) (by dS^Sl)) 



ngN 



//(X„)/iMJG,afeJ < / V(G,Z^)d/i(a:^ 



X 



Letting e — > 0+ we conclude hf^{G,U) < J h^_^{G,U) dii{x) and the desired equahty holds. D 

X 

Denote by C(X;E) the Banach space of the set of all continuous real-valued functions on X 
equipped with the maximal norm || ■ ||. Note that the Banach space C{X;M) is separable, let 
{/„ : 71 G N} C C(X;R) \ {0} be a countable dense subset, where is the constant function on 
X . then a compatible metric on M.{X) is given by 



\JjJnd4i-_JjJ'ndiy\ 
^ 2"||/„ 



p(/i, v)^\^ -^ ^„||^ H ' foi' '^ach vi,v(iM{X). 

n&i 

Let /i G M.(X^G) with /i = J^ fixdfi{x) the ergodic decomposition of fi. Then there exists a 
G-invariant subset Xq C X with /i(Xo) = 1 such that the map $ : Xq — j- A4'^{X,G) with 
^{x) = fix is well defined. We extend $ to the whole space X such that $(a;) G A^'^(X, G) 
for each x € X. For any gi G G(X;R), ^^ G M{X,G) and e^ > 0, i = I,--- ,fc, note that 
for any / G C{X;M.), the function x G Xq t-^ Jj^ fdfi^ is an element of L^{X,If^, fi), we have 
$~^(p|j^;^{i^ G M{X,G) : \ J^ gidiy — J-^ gidfii\ < €i}) G I^. Since all the sets having the form 
of r\i^i{i^ G M{X, G) : I /^ gidv — J^, gidfii] < Ci} form a topological base of M{X, G), the map 
$ : (X,/^J ^ {M{X,G),Bm(x,g)) is measurable, i.e. $"^(yl) G /^ for any A G Bm(x,g)- Now 
we define m G X(X(X, G)) as following: m(A) = /.t($"i(A)) for any A G Ba^(x,g)- Then if g is 
a bounded Borel function on M{X, G) then g o $ g -L^(^, Z;^, /i) and 

(3.26) I g o ^{x)dfi{x) ^ I g{d)dm{e). 

Jx JM(X,G) 

Now if / G C{X\ R), let Lf : 6 <E M{X, G) i-^ j^ fdd, then L/ is a continuous function, and so 

f ( f fdfi,] dfi{x) ^ f Lfo <^{x)dfi{x) = / Lf{d)dm{9) (using (0211)), 

Jx \Jx / Jx Jm(X,G) 

moreover, 



(3.27) / f{x)dn{x)^ / /(a;)d6l(a;) ^771(6*) for any /gG(X;M) (using (I32H1)). 

Jx J M(X,G) \J X J 

Note that 77i(A^^(X, G)) > /i(Xo) = 1, tti can be viewed as a Borcl probability measure on 
M^{X, G). So (IXJT)) can also be written as 



(3.28) / f{x)dfi{x)= / / f{x)d9{x)] dm{e) ior any f e C{X;R), 

Jx Jm'(,x,g) \Jx J 

which is denoted by /^ = Jj^^,^ „s0dm{6) (also called the ergodic decomposition of fi). Finally, 

it is not hard to check that if 77i' is another Borel probability measure on A4 {X, G) satisfying 

m'(A^^(X, G)) = 1 and ((X^ then m' = 771. That is, for any given /x G A^(X, G) there exists 

uniquely a Borel probability measure m' on Ai{X, G) with m'{A4^{X, G)) = 1 satisfying p.28p . 

Theorem 3.13. Let U G Cx- Then the function -q G M.{X,G) n> hjj{G,U) and the function 
•q G Ai {X, G) t-^ h^ (G, U) are both hounded affine Borel functions on Ai {X, G) . Moreover, if we 



Wen Huang, Xiangdong Yc and Guohua Zhang 17 

let fi g Ai(X, G) with fi = Jj^^fx n) (^ dm{d) the ergodic decomposition of fi, then 

(3.29) hf,{GM)^ f hg{GM)dm{e) andh^{GM)^ I kg {G,U)dm{e). 

Proof. First we aim to establish p.29p . Similar to the proof of Lemma [5.121 there exists {afejfceN ^ 
Vx such that ak'^U for each fc e N and Hj^iU) = inffcgN7J^(afc), /i^(G,iY) = inf^gN /'-jjCG, afc) 
for each -q £ M{X,G). Note that, for any A G Bx, the function 77 £ M{X,G) ^ r]{A) is Borel 
measurable and hence if a G Vx then the function rj £ M {X, G) 1— > iJ,, (a) and the function rj £ 
M{X, G) H- /i,,(G', a) are both Bounded Borel functions. Moreover, the function 77 £ M.{X, G) i->- 
Hri{U) is a bounded Borel function. Thus, the function 77 £ A4{X, G) 1— > hri{G,U) and the function 
77 £ Ai{X,G) i-> h^{G,U) are both bounded Borel functions. In particular, p.29p follows directly 
from Lemma 13.121 and (|3.26p . 

Now let ^Jil,^JL2 £ M{X,G) and A £ (0,1). For i = 1,2, let ^^ = Xm<=(x t) ^^'^«(^) ^° ^^'^ 
ergodic decomposition of /i^, where tti,; is a Borel propobility measure on M'^{X,G). Consider 
yU = A/.ii + (1 — A)/i2 and ttt, = Attii + (1 — A)7tt,2. Then ttt, is a Borel probability measure on 
M'^{X, G) and /i = /vi^rx g) ^dm{9) is the ergodic decomposition of fj,. By p.29p . we have 

hf,{G,U) =^ I he{G,U)dm{9) 

JM'iX.G) 



= A/ h0{G,U)dmi{e) + {I - X) hg{G,U)dm2{9) 

JM'iX.G) Jm'{X.,G) 

= Xh^,{GM) + {l->)h^,{GM)- 
This shows the affinity of /i{.}(G,Z//). We can obtain similarly the affinity of h7^{G,U). D 

4. The equivalence of measure-theoretic entropy of covers 

In the section, following arguments of Danilenko in j^ , we will develop an orbital approach to 
local entropy theory for actions of an amenable group. Then combining it with the equivalence of 
measure-theoretic entropy of covers in the case of G = Z, we will establish the equivalence of those 
two kinds of measure-theoretic entropy of covers for a general G. 

4.1. Backgrounds of orbital theory. Let (X, Bx, m) be a Lcbesgue space. Denote by Aut(X, /x) 
the group of all /x- measure preserving invertible transformations of {X, Bx , fJ-) , which is endowed 
with the weak topology, i.e. the weakest topology which makes continuous the following unitary 
representation: Aut{X,fi) 3 j t-^ U^ £ U{L'^{X, fi)) with U-yf = / o 7"^, where the unitary group 
U{L^{X,fi)) is the set of all unitary operators on L^(X, /z) endowed with the strong operator 
topology. Let a Borel subset 7?. C X x X be an equivalence relation on X. For each x £ X, 
we denote TZ(x) — {y £ X : {x,y) £ 7?.}. Following [14], TZ is called measure preserving if it is 
generated by some countable sub-group G C Aut{X,fj.), in general, this generating sub-group is 
highly non-unique; TZ is ergodic if A belongs to the trivial sub-cr-algebra of Bx when A £ Bx is 
7^-invariant (i.e. A = UxgA^(^))' ^ i^ discrete if ^TZ{x) < #Z for /x-a.e. x £ X; TZ is oi type I 
if #TZ{x) < -f 00 for ^-a.e. x £ X, equivalently, there is a subset B £ Bx with #(i? fl '7?.(a::)) = 1 
for fi-a.c. X £ X, such a i? is called a TZ-fundamental domain] TZ is countable if ^TZ{x) = +cxd for 
fi-a.c. X £ X, observe that if TZ is measure preserving then it is countable iff it is conservative, i.e. 
TZ n {B X B) \ A2{X) j^ 9 for each B £ Bx satisfying n{B) > 0, where A2(X) = {{x, x) : x £ X}; 
TZ is hyperfinite if there exists a sequence TZi C TZ2 C ■ • • of type I sub-relations of TZ such that 
UnGN^" = 7^, the sequence {7^„}„gN is called a filtration of TZ. Note that a measure preserving 
discrete equivalence relation is hyperfinite iff it is generated by a single invertible transformation 
|12j , the orbit equivalence relation of a measure preserving action of a countable discrete amenable 
group is hyperfinite [6l |47] , any two ergodic hyperfinite measure preserving countable equivalence 
relations are isomorphic in the natural sense (i.e. there exists an isomorphism between the Lebesgue 
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spaces which intertwines the corresponding equivalent classes) |12j . Everywhere below TZ is a 
measure preserving discrete equivalence relation on a Lebesgue space (X, Bx, fJ-)- 
The full group [TZ] of TZ and its normalizer N[TZ] are defined, respectively, by 

[R] = {7 G Aut{X,^) : {x,^x) e TZ for /i-a.e. x e X}, 
N[TZ] ^{6 e Aut{X, fi) : 9TZ{x) = TZ{ex) for /i-a.e. x eX}. 
Let A be a Polish group. A Borel map <f) : TZ ^ A is called a cocycle if 

(j){x, z) = (t){x, y)(j){y, z) for ah (x, y), {y, z) G TZ. 

Let Q G -/V[7^], we define a cocycle </> o by setting o 9{x,y) = (j){9x,9y) for all (a;,j/) 6 TZ. 
Let {Y,By,i') be another Lebesgue space and A be embedded continuously into Aut{Y,L'). For 
each cocycle (j) : TZ ^ A, we associate a measure preserving discrete equivalence relation TZ{(j)) on 
{X X Y,Bx X i3y,/i X z/) by setting {x,y) ^■r.{4>) {^\y') if i^^x') G 7^ and y' = (j){x',x)y. Then an 
one-to-one group homomorphism [TZ] 3 7 H- 7^ G [7^^] is well defined via the formula 

70(2;, y) ^ (7X, (t){jx, x)y) for each (x, y) G X x y. 

The transformation 7^ is called the (p-skew product extension of 7, and the equivalence relation 
TZ{(j)) is called the (j)-skew product extension of TZ. 

4.2. Local entropy for a cocycle of a discrete measure preserving equivalence relation. 

Denote by I{TZ) the set of all type I sub-relations of TZ. Let e > and T,S ^ I{T^)- We write 
T Cg iS if there is A G Bx such that ij,{A) > 1 — e and 

#{y G S{x) : T{y) C S{x)} > (1 - e)#S{x) for each x e A. 

Replacing, if necessity, A by [J^eA^i^) ^^ may (and so shall) assume that A is iS-invariant. Let 
Aq = {x Cz A : T{x) C iS(a;)}. The following two lemmas are proved in 1^. 

Lemma 4.1. Aq is T -invariant, /i(Ao) > 1 — 2e and #(iS(2;)nAo) > (1 — e)#iS(a:) for each a; G Ao. 

Lemma 4.2. Lei e > and TZ he hyperfinite with {TZn}neN o. filtration ofTZ. 

1= ^/ r C [7^] is a countable subset satisfying ^{Tx) < -l-oo for fi-a.e. x (^ X then for each 
sufficiently large n there is a TZn-invariant subset A„ such that fJ.{An) > 1 — e and 

4{y G TZn{x) : Ty C TZn(x)} > (1 - e)#7^„(.T) for each x G A„. 

2: If S Cz I{TZ) then S C^ TZn if n is large enough. 

Let (y, By, z^) be a Lebesgue space and (p -.TZ ^ AutiY, v) a cocycle. For W G Cxxy , we consider 
W as a measurable field {W^^l^gx C Cy, where {x} xUx ^Uf] {{x} x F). 

Definition 4.3. ForU G CxxFj we define 

h^{S,4>,U)= H^ I y (j){x,y)Uy\ dfi{x) andhi,{S,(j),U) ^ inf /i;7(5,0,a). 

Then we define the v^ -entropy h:^{(j),lA) and the v-entropy h^{(l),lA) of ((f), U), respectively, by 

h~((l),U)= inf h^(S,(f),U) and h^((l),U) ~ inf h^{S,(f),U). 
sei(n) S£i{n) 

It is clear that if /3 G T'xxy and U G Cxxy then hy{S,(i),li) = h'^{S,(t), f3), h^{(f>, p) ~ 
h~{(J3,j3) and h^{(J3,U) = infQg-p-,^^^:^^;^ /i~(0, a). Moreover, iiU,V G Cxxy satisfy ^ ^ V then 
h^{S, (pM) ^ h^{S, (j), V) and h~{S, 4',U) > h~{S, 0, V). It's not hard to obtain 

Proposition 4.4. Let {Z,Bz, n) be a Lebesgue space, S G I{TZ), j3 : S —> Aut{Z, n) a cocycle and 
a : Z X X ^)' X X Z,{z,x) 1-^ {x,z) the flip. 

1: Let a' : a~^S{l3)a — > Aut(Y, v) and a : S ^ Aut{Y, v) be cocycles satisfying a'((z, x), (z' , x')) 

a(x,x') when ((z, x), (z', x')) G a~^S{Ji)a. Then h~ {a~^S{l3)a,a' , Z xU) ~ h~{S,a,U) 

for anyU G Cxxv- 
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2: Let a" : S{/3) — >■ Aut{Y, v) and a : 5 — > AutiY, v) he cocycles satisfying a"{{x, z), (x", z")) 
= a{x,x") when ((x, z), (x", z")) £ S{P). Then ifU" G CxxZxy andU G Cxxy satisfies 
W('^_^) =U^ for each {x,z)£X x Z then h-{S{P),a" ,U") = h~{S,a,U). 

Proof. As the proof is similar, we only present the proof for 1. Let U G Cxxy- Then 

Hv \J a{{z, x), (z', x')){Z X U)(^>^^-) dn x /i(z, x) 



z^x #a-^S{P)a{z,x) y^, ^,,^^^-,s(P).i.,.) 

„(.. . Hi, \J a{x,x')Ux' dn x fi{z,x) 



^^-^ " '~' U^-\z')eS{fi){x,z) 



-— --ii^^ V/ a{x,x')l{^, dfi{x) = h^ {S,a,U). 
X 4fS{x) \ V I 

\x'eS{x) I 

D 

Proposition 4.5. Let e > and T,S £ I{T^)- IfTC^S then 

h-{S,(j),U) <h-{T,(j)M)+Se^ogN{U) and h^{S,(t),U) < h^{T,4',U) + ^e\ogN{U). 

In particular, if T Q S then h~ (S,4>,U) < h~ (7~, 0, U) and h^{S,(j}^lA) < hi,(T',(j),U). 

Proof. The proof follows the arguments of the proof of [71 Proposition 2.6]. Let Aq = {x £ A : 
T{x) C S{x)}. Then /i(ylo) > 1 - 2e by Lemma BH We define the maps f,g : Ao^Rhy 

.m = ^^sih^f^ { V ^(-'^K ) -d ,(..) = ^H. i V 0(.,.H ) . 

^^ ^ ^ ^ \yeS(x)nA„ J rr \ ) \yer{x) ) 

Since ^o is T-invariant, for each x £ Aq there are xi, • • • , x^ G X such that iS(a;)n^o = Ui=i T{xi), 
here the sign |J denotes the union of disjoint subsets. It follows that 

= u(.(^-. n ^ ^ E 9{z)=n9\Sn{AoxAo)){x), 

^^ ^' -^ "-^ z£Six)nAo 



20 Local Entropy Theory for a Countable Discrete Amenable Group Action 

where E(g|iS D {A^ x Aq)) denotes the conditional expectation of g w.r.t. Saq, the cr-algebra of all 
measurable S D {Aq x j4o)-invariant subsets. Hence 

h-{S,cf,,U) = J ^^H,i V Hx,y)i^y)M^) 

yeS{x) 

/(^) + 4^^- ( V '^(^' y^^y) «'^(^') + / log Niu)d^l{x) 



< 



< 1^ (Eig\Sn{AoxAo))ix)+*^^^^\ogN{liyjdf,{x)+2e\ogN{ll) 



< / E{g\S n {Aa x Ao)){x)d^l{x) + 3elogN{U) 

JAa 

= I g{x)dn{x)+3e\ogN{U)<h-{r,<p,l^)+3€\ogN{U). 

JAa 

By the same reason, one has h,^{S,(f>,a) < hiy{'T,(p,a) + 3elog A'^(a) for any a £ Vxxy- Thus 
h^{S,<p,U) = mi{K{S,<j),a) -.a eVxxY mth ah iy{,N (a) <N{U)} 

< mi{h^(T,(t>,a) + 3elogN{a) : a £ PxxY with a hU,N{a) < N{U)} 

< mi{K{T,(j},a) + Zt\ogN{U) :aeVxxY with ahU,N{a) <N{U)} 

= K{T,4>M) + i€\og N{U). 

Now if T C vS then T '^^ S for each e > 0, so letting e ^> 0+ we have h^; {S, (p, U) < /i^ (7~, 0, U) 
and h^{S,(j),l{) < h^{T,4'M)- This finishes the proof. D 

As a direct application of Lemma 14. 21 (2) and Proposition 14.51 we have 

Corollary 4.6. LetTZ be hyperfinite with {TZn}neTi a filtration ofTZ. Then 

lim hy(TZn.,(l).,U) ~ hy{(f)^U) and lim h'J {Tln,<p,U) = h'J {(f>,U). 

4.3. Two kinds virtual entropy of covers. Everywhere below, TZ is generated by a free G- 
measure preserving system {X,Bx,fJ;G). Then TZ is hyperfinite and conservative. Let S G I{TZ) 
with B C X a. tS-fundamental domain. Then there is a measurable map B 3 x t—^ Gx G F{G) 
with GxX = S{x) and hence X = Llxes ^xX. Note that F{G) is a countable set, we obtain that 
X = Ui UgeG 9^i ^'-"" ^ countable family {Gi}i C F{G) and a decomposition _B = Ui^* with 
GiX ~ S{x) for each x £ Bi. We shall write it as <S ^ (B^, G,). Then 

= XI XI / 17m -^-^ V ^i9X:g'x)Ug>x dfi{x) 

= E E / ^^^ f V 

. sggVs. \g^\ y^,^^ 

(4.1) = Y.I ^A\J ^i^^9x)Ugx 



EG, 



x,g'x)Ug'x I (i/i(x) 
(i/i(x) 



Wen Huang, Xiangdong Yc and Guohua Zhang 21 

Definition 4.7. Let {Y,By,i^,G) be a G-measure preserving system, U G Cy , Hg G Aut{Y,v) the 
action of g £ G on {Y^By^v) and (J)q : TZ — > Aut{Y,i') a cocycle given by <j)Q{gx^x) = Tig for any 
X £ X,g £ G. The v^ -virtual entropy and v-virtual entropy of 14 is defined respectively by 

K{G,U) = K{(t}G,X X U) and K{GM) = K{<I>g,X x U). 

Clearly, if a G Py then /i,y(G, a) = /ij^ (G, a). For U (^ Cy, hi,{G,L{) = iniaeVY-ayu ^i, {G,a). 
Note that there may exist plenty of free G-actions generating TZ, (pQ is not determined uniquely 

by Ilg. Hence, we need to show that hi, {G,U) and h^{G,lA) are well defined. 

Proposition 4.8. Let {Ug}g^G o-i^-d {U'}gi=G be two free G-actions on {X,Bx, fJ-) such that 

{Ugx ■.geG} = {U'gx ■.geG}= n{x) 

for jji-a.e. x £ X . Define cocycles (j), (j)' : TZ ^ Aut{Y, v) by 

(j)(UgX, x) — (f)'{U'gX, x) ~ Ilg for any g G G, x G X. 

Then for any U £ Cy , h-{(j),X x U) = h-{(p',X x U) andK{(j),X xU) ^hy{(j)',X xU). 

Proof. Denote by S the equivalence relation on X x X generated by the diagonal G-action {Ug x 
U'Ag^G- Clearly, S is measure preserving and hyperfinite. Let ipu,(pij' ■ TZ — > Aut{X,^) and 
(fiG '■ S ^ Aut{Y, u) be cocycles defined by 

tpu{U'gX,x) = Ug, ipu'{UgX,x) ^ Ug and 4)G{{UgX,Ugx'),{x,x')) = Ug 

for any g £ G,x,x' £ X. Then S = TZ{ifu') = cr^^TZ{ipu)o', where a: XxX^XxXis the 
flip map, that is, <7(x,x') = {x',x). Hence if {7^,i}ngN is a filtration oiTZ then {TZn{'fu')}n&i a-nd 
{a~^TZn{ipij)a}n!3i a-re both filtrations of S. 

For each n G N, one has ^^((a;, z), (a;", z")) ~ 4>{x,x") if {{x, z),{x" ,z")) £ TZn{(pu') and 
4>g{{z,x),{z',x')) ~ (f)'{x,x') if {{z,x),{z',x')) £ a^^TZni'Pu)^'- Then by Proposition 14. 4[ for any 
U £ Cy one has 

h-{TZn{vu').(l>G.X X X xU) =h-{TZnA,XxU), 

h-{a-^TZn{ipu)<J,(t)G,X X XxU) = h-{TZn,<p',XxU). 

Let n — > +CXD we obtain h^ {(/)g , X x X xU) = h^{(/),X xU) and h^; {(J^g , X x X xU) = h^ {(/)', X xU) 

for any U £ Cy (see CoroUarv l4.6p . This implies that h~ {(j), X xU) = h~{(j)' ,Xx U) for any U £ Cy. 

Moreover, for U £ Cy we have 

hJ(j),XxU) = inf h-:{(j},a)= inf /i-((/i, X x /3) 

a^Vxy.Y.a>zX^U fieVY'-PhU 

inf h-((j)',X X l3)=hJ(J3',X xU). 
paVY-.p^u 

This finishes the proof of the proposition. D 

Before proceeding, we need the following result. Let K £ F[G) and e > 0. F £ F{G) is called 
[K,e]-invariant if \{g £ F\L<:g C F}\ > (1 - e)\F\. 

Lemma 4.9. Let {Y,By,v,G) be a G-measure preserving system, lA £ Cy and e > 0. Then there 
exist I\ £ F{G) and < e' < e such that if F £ F(G) is [K, e']-invariant then 

\±.^H,{llF)-h,,{G,ll)\<e. 

Proof. Choose cq G A'l C A'2 C ■ • • with IJjgi^ Ki ~ G. For each i £ N set Si — jnTTTT+i)' ^'^^ if 
the lemma is not true then there exists e > such that for each i £ N there exists Fi £ F{G) such 
that it is [K~ ii'i,(52;]-invariant and 

(4.2) \-^H,{UFj-h,{G,U)\>e. 
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Let K e F{G) with e^ E K and 5 > Q. If F e F{G) is [R-^K, 5]-invariant then 
B(F, K) = {,9 e G : Kg n F ^ IJ} and Kg n (G \ i^) 7^ 0} 

= A'^^F \ {.g e F : /v.g C F} = (K-^F \ F) U {F \ {g E F : Kg C F}) 

C A:-1(F \ {.9 e F : A'-\9 CF})U{F\{gEF : Kg C F}) 

C K-^{F \{g eF : R-^Kg E F}) U {F \{g E F : K'^Kg C F}), 

hence |B(F,/-i:)| < {\K\ + I) ■ \F \ {g E F : R-^Kg C F}| < 5{\K\ + 1)|F| (as F 6 F(G) is 
[i^T^^i^T, (5] -invariant), i.e. F is a (A', (|A'| + l)(5)-invariant set. Particularly, we have that F,; is 
(ATj, i)-invariant for each « G N. Moreover, since ea E Ki E K2 E ■ ■ ■ and IJieN ^i — ^' ^^ have 
that {FijigN is a F0lner sequence of G. Hence linii^+oo wiHuilJp.) = h^{G,U), a contradiction 
with (1421). □ 



Theorem 4.10. Let [Y, By, Vi G) be a G-measure preserving system and lA E Cy ■ Then 
h-{G,U) = K{GM) and K{G,U) = K{G,U). 

Proof. By Lemma l49l for each e > there exist K E F{G) and < e' < e such that if F e F{G) 
is [A', e']-invariant then \tj^H^{Uf) — h,y{G,U)\ < e. Let {7^„}„gN be a filtration of TZ with 

TZn ^ (-Bj , GJ" ) for each n eN. Thus by Lemma |4?2] (1), for each sufficiently large n there is a 
measurable 7?.„-invariant subset An E X such that /i(j4„) > 1 — e' and 

(4.3) #{x' E 7e„(x) : A'a;' C 7e„(a;)} > (1 - e')#7e„(x) for each a; e A„. 

Since An is 7?.„-invariant, A„ = |Jiej G^" G, for some subset J C N and a family of measurable 
subsets g|"^ C Sf ^ with Ai(Gf"^) > 0, i e J. By gS]), if i G J, a; G C^"^ and 5' G g|"^ then 
(1 - e')#nnig'x) < #{x' E Tlnig'x) : Kx' C Unigx)} = #{x' G Unix) : Kx' C 7e„(.T)}. 
~'*"^i < \{g E g|"' : Kg C g|"^}|, i.e. g|"^ is [7^, e']-invariant. Set 

1 



That is, (l-e')|G[ 
fix) 



#nnix) 

Then by similar reasoning of (|4.ip . one has 



-H,, I Y (Paix, y)U ] < logiV(i^) for each xEX. 

yeTZ„{x} 



f{x)dn{x) 



A„ 



E 

J 6 






dfi{x). 



Hence 



< 



\h-{nn,^G,X XU) - ^l{An)K{G,U)\ 



(fix) - h- (G, U)) df,{x) I + I / fix) dfi{x) I 



< 



< 




^j--H,{ V n;iW)-/i;(G,W) dMa:)| + (l-M^„))logiV(W) 



seGf 



e + (1 - A*(Ai)) log A^(W) (by the selection of AT and e'). 
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Note that A^ = Uiej G*"''Cj-"' and ^(A„) > 1 - e' where < e' < e, first let n -> +00 and then 
let e ^ 0+ we have h^, {G,U) = h;;{<j)G,X x U) ^ h:^;{G,U) (see CoroUarv l46)) . Moreover, 

KiGM)^ inf K''{G,a)^ mf hJG,a)^hJGM)- 

aeVx.ayU aeVx-a^U 

This finishes the proof. D 

Let {Z,Bz,k) be a Lebesgue space with T an invertible measure-preserving transformation, 
yy e Cz and 2? C B^ a T-invariant sub-cr-algebra, i.e. T-^V = V. Set W^'"^ == Vr=o^ T-*W for 
each n G N. It is clear that the sequence {-/JkCWq ~ |^)}neN is non- negative and sub-additive. So 
we may define 

/».(T,W|P)= inf ;i-(T,7|P), 

h-{T,W\V)^ hm ii/„(Wo"-i|P)=inf-H4Wri|P). 

n-> + oo n neN n 

Clearly h-{T,W\V) = /i«(r, WlP) when W £ Vz- We shall write simply 

h-{T, W) = /i-(T, W|{0, Z}) and /i,(r, W) = K^T, W|{0, Z}). 

Theorem 4.11. Let 7 fee an invertible measure-preserving transformation on (X, Bx, /^) generating 
TZ, (f) : TZ ^)- Aut{Y, u) a cocyle and 7^ stand for the (p-skew product extension of j. Then for each 
U G CxxY , one has 

hZ{4>M) = h-^,{-f^M\Bx ® {0,n) and K{dp,U) = K^,{^^,U\Bx ® {^-Y}). 

Proof. Let S = njJTiO' 1} be the product space of the discrete space {0, 1}. lix = (xi,X2,- ■ ■),y = 
(yi, 2/2, • ■ ■ ) € S then the sum x ® y = (zi, Z2, • • • ) is defined as follow, li xi + yi < 2 then 
zi = xi -t- 2/1, if xi + j/i > 2 then zi = .ti + yi — 2 and we carry 1 to the next position. The 
other terms Z2, • • ■ are successively determined in the same fashion. Let (S:S— i-SjZt-^z©! 
with 1 = (1,0,0, • • •). It is known that (S,(5) is minimal, which is called an adding machine. Let 
A be the Haar measure on (E, 0). Denote by S the S x 7-orbit equivalence relation on Y, x X. Let 
a: 'ExX-^Xx'Ehe the flip map. We have S = a~^TZ{(p)a for the cocycle cp : TZ ^- AutCS, A) 
given by (7"^;, x) i— >■ (5", n S Z (as TZ is conservative, 7 is aperiodic and so (/? is well defined). 

Now we define a cocycle 1®0 : S -^ Aut{Y, v) by setting ((z, x), (z', x')) 1— >■ 0(a;, x'). Let {7?.„}„gN 
be a filtration of TZ. Then {a^^TZn{f)(7}n&i is a filtration of 5 and so for each lA G Cx-ky 

h;:{l®(j>,Y.xU) = lim /i^; (cr" ^ 7^„ ((^)cr, 1 © 0, E x W) (by Corollary m]) 
= lim hrATZ^.S.U') (bv Proposition lilil (111 

n^' + oo 

(4.4) == /i;(0,W) (by Corollary mi). 

On the other hand, for each n G N we let A„ = {z G E : z^ = for 1 < i < n}. Then 
^1 ^ ^2 3 • • • is a sequence of measurable subsets of E such that E = Ui=o ^^-^n and so 
E X X = [fZo^i^ X lY{An X X) for each n G N. Let 5„ G /(5) with 5„ ~ (A„ x X, {((5 x 7)* : 
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0, 1, ■ • • , 2" - 1}). By dHH) we obtain that 



A„xx \ ^^„ 






2" 



2"-l 



Jf 






^^^^.x J V ^0'") '^^(^) = ^^^'x- ( V %'^\^x ® {^.YY\ 



Hm :^i^MX. ( V %'U\Bx®{%.Y} 



2 
Note that 5i C ^2 C • ■ • and UneN '^" = '^' ^^^'^ 

ft.~ (1 ® (/), S X ZY) = hm /i^ (5,1, 1 ® (^, S X iY) (by CoroUary 

n— >-+cxD 

..... -ff ( 

n— J-+CX) 2 

and so h-{(\),U) = h~^^{j^,U\Bx <S) {9,Y}) for each U S C^xy by (g^]). Finally, 

/i,(0,W) = inf h-{<j),a)^ inf /i7^,(7^, a|i3x ® {0, n) 

- /i,,x.(70,^isx®{0,n) 

for each U € Cxxy- This finishes the proof the theorem. D 

4.4. The proof of the equivalence of measure-theoretic entropy of covers. The following 
result was proved by the same authors [24l Theorem 6.4] (see also [HI [21]). 

Lemma 4.12. Let {X,T) be a TDSwithUeCx and ^ e M{X,T). Then h-{T,U) ^^ hf,{T,U). 

Lemma 4.13. Let {Z,Bz,k) be a Lebesgue space with T an invertible measure-preserving trans- 
formation, W gCz andT) C Bz a T-invariant sub-a -algebra. Then h~{T,yV\T>) ~ hti{T,W\'D). 

Proof. First we claim the conclusion for the case V = {0, Z}. By the ergodic decomposition of 
h~ (T, W) and /ik(7', W) (see p.29p in the case of G = Z), it suffices to prove it when k is ergodic. 
By the Jewett-Krieger Theorem (see [8|), [Z, k, T) is measure theoretical isomorphic to a uniquely 
ergodic zero-dimensional topological dynamical system {Z,k,T). Let tt : {Z,k,T) — > {Z,k,T) be 
such an isomorphism. Then using Lemma 14.121 we have 

/i-(r, W) = h^{f,7r-'W) = hn{f,7r-'W) - /i«(T,W). 
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In general case, let {/3j}jgN ^ Tz with /3j /• V (mod [i). For simplicity, we write ■P(V) = {a G 
Pz : a >= V} for V e Cx- Then 

ft-(T,>V|2?) = irif iiJ.(Wri|P)=inf if inf ^i/.(a|2?)) 

= inf - ( inf ^ inf H„(«|(/3,)^l) ) (as /3, ^ V (mod a^)) 

(4.5) = infinfiH«(Wri|(ft)ri). 

J>1 n>l 71 

Let j £ N. Since for any n, m G N and V G Cx one has 

< i/«(v„"-l|(/3,)^l) + if.(r-"v^"-i|T-"(/3,)™-^) 

= i7.(v^l|(/3,)^l)+i/«(K"-l|(/3,)r')• 

Hence 

(4.6) infli7.(Vri|(/3,)ri)=^lim^ii/.(Vri|(/3,)ri). 



Combing (|4.6p for V = W with ()4.5p . one has 

/i-(r,W|P) = inf hm 1h„(>Vo"-1|(/3,)- 



= inf lim - inf H«(a|(/3,)S-i) 

= inf lim -( inf FJa V (ft)^l) - F«((/3,)^l) | 

> inf hm l(i/„(W^lv(/3,)^l)-H.((/3,)^l)) 

j>l ri^+oo 71 

= inf (/i-(r,>VV/3,)-/i-(T,/3,)) 

= inf(/i^(T,WV/3j)-/i„(T,^j)) (by the first part) 

= inf( inf /i.(T,aV/3,)-/i.(r,/3,)) 

J>1 a£V{Vv) 

= inf inf lim i (i7«((a V /?,)^i) - i/«((/?,)r')) 

> inf inf inf ii/«(a^'-i|(/3,)^'-i) (by gSJ for V = a) 
= inf inf infiif,(a^-i|(/3,)JJ-i) 

inf inf -HJa''-^\V) (as ;3,- /> V (mod u)) 

= /i„(T,>V|P). 
As the inequality of h'^{T, Wjl?) < hf^{T, W|P) is straightforward, this finishes the proof. D 

The following result is our main result in the section. 
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Theorem 4.14. Let {Y,By ,i^tG) he a G-measure preserving system with {Y^By,v) a Lebesgue 
space and lA G Cy ■ Then h^{G,U) ~ h^{G,U). 

Proof. Let {X,Bx,IJ;G) be a free G-measure preserving system with 7?. C X x X the G-orbit 
equivalence relation and 7 an invertible measure-preserving transformation on {X, Bx, fJ-) generat- 
ing TZ. The cocycle 4>g ■ Tl ^ Aut{Y, v) is given by (j^cigx, x) = Hg, where Hg G Aut{Y, v) is the 
action of g G G on {Y,By, v). By Definition 14.71 of vitual entropy and Theorem 14. 101 we have 

(4.7) h-{G,U) = h-{(l)G,X xU) a,nd h^{G,U) = /i^(0g,^ x Z^). 

Let T = 70g be the (jj-skew production extension of 7. Using Theorem 14. Ill one has 

(4.8) h-{4>G,XxU) - h~^^{TM\Bx X {0,r}) and K{4>G,X xU) = h^y,,{TM\Bx x {0,^}). 

As Bx x {0,r} is T-invariant, h-^^{T,U\Bx x {0,r}) = h^y,^{T,U\Bx x {9,Y}) by LemmaOl 
Combining this fact with (|4.7p and (|4.8p . we get h~{G,U) = hi,{G,U)- This finishes the proof. D 

4.5. A local version of Katok's result. At the end of this section, we shall give a local version 
of a well-known result of Katok [5S1 Theorem LI] for a G-action. Let (X, G) be a G-system, 
Ai e X(X, G) and U G Cx- Let a G (0, 1) and F G F(G). Set 

b{F,a,U) = min{#(C) -.CCUf and /^(UC) > a}. 

The following simple fact is inspired by [ISJ Lemma 5.11]. 

Lemma 4.15. Hf^iUp) <\ogb{F,a,U) + {1 ~ a)\F\\ogN{U) +\og2. 

Proof. Let C = {Gi, • • • ,Ce} C Wi? such that ^(UC) > a and £ = b{F,a,U). Let ai = {Gi,G2 \ 
Gi,--- , Gf \ lJi=i^j}- Then ai is a partition of ljj=i ^4 and 7^0:1 = b{F,a,lA). Similarly, we 
take a'2 G Vx satisfying #^'2 = N{1{f). Then let a2 ^ {A n {X \ ULi G,) : A G a^}. Then 
#a2 < N{Uf). Set a = ai U a2- Then a G Px and a >z Up. Note that if xi, • • • , Xm > then 

m / m \ / m \ 

(4.9) ^0(xO<^x, logTO + ^K^a;, , 
thus one has 

< ^l\\}G^(\ogij.a^-\og^i\\}cM + 

IJGJ j hog#a2-logh-A*(|jG,j j j (bygSD) 

< log b{F, a,U) + {l-a) logNiUp) - /i f |J G, J log a* f |J ^' ) 

-(i-,.(yc.)).o.(i-,.(yc.)) 

< log b{F, a,U) + {I - a)\F\\ogN{U) + log 2. 

n 

As a direct application of Lemma [4. 151 bv letting a ^ 1— we have 

Proposition 4.16. Let {i^„},i(=N be a F0lner sequence of G. Then 

1 

e— >6+ n^-+oo \Fn 

The following result is [SIl Theorem 1.3] 



l-/i 



h-{G,U) < lim liminf y^^ log6(F„, 1 - e, W). 
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Lemma 4.17. Let a £ Vx and {Fn}n£fi be a F0lner sequence of G such that liin,i^+oo i^;~ = +00 

and for some constant C > one has \ ljfc=i ^k ^"1 — C'|-F'n| for each n £ N. If ^ is ergodic then 
for ^-a.e. x £ X and in the sense of L^{X,Bx, t^)-norm one has 

log fi{aF„{x)) 

n-i.+cxj \}<n\ 

Proposition 4.18. Let {-FnlneN be a F0lner sequence of G. If IJ. <E M'^{X,G) then 

hfj,{G,U) > lim limsup-j— — log&(F„, 1 — e,W). 

Proof First for any V € Vx we claim the conclusion by proving 

(4.10) hfj,{G,a) > limsup— — logfo(F„, 1 ~ e, a) for each e 6 (0,1). 

Proof of Claim. Fix e G (0, 1). In {-FnjneN we can select a sub-sequence {En}neN satisfying 
limsup-— -j-log6(i^„,l -e,a) = lim -— — logfe(S„, 1 - e, a), 

lim„_^_(_oo 1^7^ — +00 and for some constant C > one has | ljfc=i ^k^-^n\ < C'l^'nl for each 
n G N. Now applying Lemma [4.171 to {i?„}„gN! for each (5 > there exists iV G N such that for 
each n > N, /i(A„) > 1 — e where 

A f ^V fogM(«i;,.(a^)) ^ ^ t^ ..r 



D \^eX: _i^^BA™^ < ^^(^^^^ ^ ^ if ,^ > ,^ 



log^_(aE,„(a;)) 
IK 

Note that An must be a union of some atoms in aE„ , where each atom has measure at least 
g-|E„|(/i,,(G,a)+5)^ which implies b{En, 1 - £, a) < (1 - e)e\E„\ihAG,a)+S) ^Y-^^.^ „ > ^^ go 

limsup— — log6(i^„,l - e,Q:) =: lim -— — log&(^„, 1 - e, a) < /i„(G,a) + (5. 

Since 5 > is arbitrary, one claims (|4.10p . D 

Now for general case, by the above discussions we have 
h^iCU) = inf h^iCa) 

> inf lim lim sup -— log b{Fn, 1 - e, a) (by (jilUl) ) 

aeVx-ahU '^-'■0+ n^+oo \-tn\ 

> lim limsup-— -■log6(i^„,l - e,W). 

e-i-0+ n^+oo lln] 

n 

Now combining Lemma [4. 141 with Propositions 14. 16l and 14. l51 we obtain (when G = Z, it can be 
viewed as a local version of Katok's result [26l Theorem LI]) 

Theorem 4.19. Let {F„}neN be a F0lner sequence of G. If fi G A4^{X,G) then 

hn{G,U) = hm limsup 7-^-j-log6(i^„, 1 — e,W) = lim liminf — — ■ log6(i^„, 1 — e,W). 
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5. A LOCAL VARIATIONAL PRINCIPLE OF TOPOLOGICAL ENTROPY 

The main result of this section is 
Theorem 5.1 (Local Variational Principle of Topological Entropy). Let U £ C^. Then 
htov(GM) = max hniG.U) = max hJG.U). 

We remark that Theorem 15.11 generalizes the results in [34jl42]: 
Theorem 5.2 (Variational Principle of Topological Entropy, [Mll42j ). 

htopiG,X)^ sup h^{G,X)= sup /i^(G,X). 

fieMiX.G) fieM'iX.G) 

Proof. It is a direct corollary of Lemma [3.41 (3') . Theorems l3.5l and l5.1l D 

Before proving Theorem 15.11 we need a key lemma. 

Lemma 5.3. Let lA £ C^ and ai G Vx with ai^U,l<l<K. Then for each F g F{G) there 
exists a finite subset Bp C X such that each atom of {ai)F contains at most one point of Bp, 
l = l,--- ,K and^Bp > ^^^. 

Proof. We follow the arguments in the proof of [Ml Lemma 3.5]. Let F E F'(G). For each 
I — 1, ■ ■ ■ ., K and a; G X, let Ai{x) be the atom of {ai)p containing x, then for xi, X2 G X , xi and 
X2 are contained in the same atom of {ai)p iff Ai{xi) = Ai{x2). 

To construct the subset Bp we first take any xi G X. If [Ji^i ^((a^i) = X, then we take Bp = 
{xi}. Otherwise, we take Xi — X \ [Ji^^ Ai{xi) ^ and take any X2 G Xi. If lj;=i Ai{x2) ^ Xi, 
then wc take Bp = {a;i,a;2}. Otherwise, we take X2 = Xi \ lJi=i Ai{x2) ^ 0. Since {Ai{x) : 1 < 
I < K,x £ X} is a finite cover of X, we can continue the above procedure inductively to obtain a 
finite subset Bp = {xi, • • ■ Xm} and non-empty subsets Xj, j ~ 1, ■ ■ ■ , tti — 1 such that 

(1) X,^X\[jl,Aiix,), 

(2) Xj+i - X, \ U^i Ai{x,+i) for J = 1, • • ■ , m - 1, 

(3) [j;U[jl,Ai{x,)^X. 

From the construction of Bp, clearly each atom of {ai)p, I = 1, ■ ■ ■ , K, contains at most one 
point of Bp. Since for any 1 < i < m and 1 < I < K , Ai(xi) is an atom of {ai)p, and thus is 
contained in some clement oiUp, so rnX > N{l4p) (using (3)), that is, #-Bf = m> — 7^^- Q 

Proposition 5.4. LetlA G C^. If X is zero- dimensional then there exists fi G A4{X,G) satisfying 

(5.1) h^{GM)>htop{GM)- 

Proof Let ZY = {C/i, • • • , Ud} and iY* = {a = {Ai, • • • , A^} G 7'x : A™ C t/„, m = 1, • • • , d}. 
Since X is zero-dimensional, the family of partitions in U* consisting of clopen (closed and open) 
subsets, which are finer than U, is countable. We let {ai : I > 1} denote an enumeration of this 
family. Then h^{G,U) = infjgN h^{G, ai) for each 1/ G M{X, G) by Lemma l377l 

Let {FnlneN be a F0lner sequence of G satisfying |F„| > n for each 71 G N (obviously, such 
a sequence exists since \G\ = +00). By Lemma [5.31 for each 71 G N there exists a finite subset 
Bn Q X such that 

(5^2) #B„ > ^m^. 

n 

and each atom of (a;)F„ contains at most one point of i?„, for each I = 1, ■ ■ ■ ,n. Let 
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Wc can choose a sub-sequence {nj}jgN ^ N such that /^„, -^ fj, in the weak*-topology of Ai{X) 
as j -^ +00. It is not hard to check the invariance of /i, i.e. /i £ ■M{X, G). Now we aim to show 
that fi satisfies (|5.ip . It suffices to show that htop{G,U) < hfj,{G, ai) for each I G N. 
Fix a Z G N and each n > I. Using (|5.2p we know from the construction of i3„ that 

(5.3) \ogN{UFj - logn < log(#S„) = ^ -j/„({x}) logz/„({a::}) = H,„((a,)Fj. 

On the other hand, for each B G F{G), using Lemma [3.11 (3) one has 









1 , , |f„ \ {.9 G G : B-^g C f„} 

Now by dividing (|5.3p on both sides by |F„|, then combining it with (|5.4p we obtain 

(KK\ 1 1 Amy \<r ^ fT (( \ , , logn , |F„ \ {.9 € G : ^''ff ^ ^41 , 

(5-5) rEr-^ogN{UFj < T^-f^M J("Ob) + tttt + rrq log' 

l-Tn] \-D\ \-tn\ \-fn\ 

Note that limj_^+oo H^^, {{(^i)b) = Hf^{{ai)B), by substituting n with rij in (|5.5p one has 



(5.4) < ^g,„((aOB)+ '^"^^-^^ ,;.T '^^ "^' -logrf. 



htop{G,U) < 7^Hf,{{ai)B) (using dMD). 

Now, taking the infimum over i? G F{G), we get htop{G,U) < h^{G^ ai). This ends the proof. D 

A continuous map -k : (X, G) — > (y, G) is called a homomorphism or a factor map if it is onto 
and TT o (7 = g o TT for each g € G. In this case, {X, G) is called an extension of (Y, G) and (F, G) is 
called a factor of [X, G). If tt is also injective then it is called an isomorphism. 

Proof of Theorem \5.1\ First, by Lemmas l3.4l (l) and l4.141 it suffices to prove hft(G. U) > htop{G,U) 
for some 9 G Ai'^{X, G). It is well known that there exists a surjective continuous map (pi : C -^ X , 
where G is a cantor set. Let C'^ be the product space equipped with the G-shift G x G*^ — >■ 
C^j ig', {zg)geG) >^ iZg)geG where z'^ = Zg'g,g',g G G. Define 

Z = {z = (zg)geG e G^ : 4>i{zg^g^) ^ gi<pi{zg^_) for each 31,52 6 G}, 

and ip : Z ^ X, {zg)g^G '-^ 4'i{zeG)- It's not hard to check that Z C G*^ is a closed invariant 
subset under the G-shift. Moreover, (p : {Z, G) — ?> {X, G) becomes a factor map between G-systems. 
Applying Proposition 15 .41 to the G-system {Z,G), there exists ly G A4{Z,G) with hi^{G,(p~^{U)) > 
htop{G,ip-^(U)) ^ htopiG,U). Let ^i^ipiye Mix, G). Then 

h^iG,U)= inf /i^(G,a)= inf KiG,ip-\a)) > KiG,ip-\U)) > htopiGM). 
Let ^ = Im''(x t) (^d,m{9) be the ergodic decomposition of /i. Then by Theorem 13.131 one has 

hg{G,U)dm{9) =h^{GM)- 



IM'(X,T) 

Hence, hg{G,U) > htop{G,U) for some 9 G X'=(X, G). This ends the proof. D 

At last, we ask an open question. 

Question 5.5. In the proof of P^, Proposition 7.10] (or its relative version [531 Theorem A. 3]^, 
a universal version of the well-known Rohlin Lemma [191 Proposition 7.9] plays a key role. Thus, 
a natural open question arises: for actions of a countable discrete amenable group, are there a 
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universal version of Rohlin Lemma and a similar result to [191 Proposition 7.10] or [241 Theorem 
A. 3] ? Whereas, up to now they still stand as open questions. 

6. Entropy tuples 

In this section we wih firstly introduce entropy tuples in both topological and measure-theoretic 
settings. Then we characterize the set of entropy tuples for an invariant measure as the support 
of some specific relative product measure. Finally by the lift property of entropy tuples, we will 
establish the variational relation of entropy tuples. At the same time, we also discuss entropy 
tuples of a finite product. We need to mention that the proof of those results in this section are 
similar to the proof of corresponding results in [531 Hi] for the case G = Z, but for completion we 
provide the detailed proof. 

6.1. Topological entropy tuples. First we are going to define the topological entropy tuples. 

Let 71 > 2. Set X(") = AT x • ■ • x X (n-times); A„(A) = {(:r,)i G A(")|xi = • • • = a;„}, the 
n-th diagonal of X. Let (x^)" S A^") \ A„(A). We say U & Cx admissible w.r.t. (x^)", if for any 
U eU,U ^ {xi,--- ,Xn}. 

Definition 6.1. Let n > 2. (a;^)" G A^") \ A„(A) is called a topological entropy n-tuple if 
htop{G,U) > when U G Cx is admissible w.r.t. (I'i)". 

Remark 6.2. We may replace all admissible finite covers by admissible finite open or closed covers 
in the definition. Moreover, we can choose all covers to be of the forms U = {Ui, ■ ■ ■ ,Un}, where 
U^ is a neighborhood of xt, 1 < i < n such that if Xi ^ Xj , 1 < i < j < n then Uf nU^ ^ 9. Thus, 
our definition of topological entropy n-tuples is the same as the one defined by Kerr and Li in |27| . 

For each n > 2, denote by £'„(A, G) the set of all topological entropy n-tuples. Then following 
the ideas of [2] we obtain directly 

Proposition 6.3. Let n > 2. 

1: IfU = {C/i, • • ■ , [/„} G C^ satisfies htop{GM) > then £;„(A, G) n (nr=i Uf + 0- 

2: If htop{G,X) > 0, then ^ En{X,G) C A^") is G-invariant. Moreover, En{X,G) \ 

AniX)=En{X,G). 

3: Let -k : (Z, G) -^ (A, G) be a factor map between G-systems. Then 

En{X, G) C (tt X • • • X 'K)En{Z, G) C En{X, G) U A„(A). 

4: Let {W,G) be a sub-G-system of{X,G). Then E^{W,G) C £;„(A,G). 

The notion of disjointness of two TDSs was introduced in [15[ . Blanchard proved that any u.p.e. 
TDS was disjoint from all minimal TDSs with zero topological entropy (see [21 Proposition 6]). 
This is also true for actions of a countable discrete amenable group. First we introduce 

Definition 6.4. Let n > 2. We say that 

(1) (A, G) has u.p.e. of order n, if any cover of X by n non-dense open sets has positive 
topological entropy. When n = 2, we say simply that (A, G) has u.p.e. 

(2) (A, G) has u.p.e. of all orders or topological K if any cover of X by finite non-dense open 
sets has positive topological entropy, equivalently, it has u.p.e. of order m for any m >2. 

Thus, for each n > 2, (A, G) has u.p.e. of order n iff £;„(A, G) = A^") \ A„(A). 

We say (A, G) minimal if it contains properly no other sub- G-systems. Let (A, G) and {Y, G) 
be two G-systems and ttx tAxF— >A, TTyiAxF— >F the natural projections. J C A x F 
is called a joining of (A, G) and {Y,G) if J is a G-invariant closed subset satisfying ttx{J) — X 
and tty{J) = Y. Clearly, A x F is always a joining of {X, G) and (Y, G). We say that {X, G) and 
(y, G) are disjoint if A x F is the unique joining of {X, G) and (Y, G). The proof of the following 
theorem is similar to that of [H Proposition 6] or [25l Theorem 2.5]. 

Theorem 6.5. Let (A, G) be a G-system having u.p.e. and {Y,G) a minimal G-system with zero 
topological entropy. Then (A, G) and {Y, G) are disjoint. 
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6.2. Measure-theoretic entropy tuples. Now we aim to define the measure-theoretie entropy 
tuples for an invariant Borcl probability measure. 

Let fi G MiX,G). A C X is ealled a fi-set ii A e B'^. If a = {Ai, ■ • • ,Ak} C i3^ satisfies 
Ui=i Ai — X and Ai D Aj ~ 9 when 1 < i < j < k then we say a a finite fi-measurable partition of 
X. Denote by V^ the set of all finite /i-measurable partitions of X. Similarly, we ean introduce 
C^ and define ai ^ a2 for ai,a2 £ C^ and so on. 

Definition 6.6. Let n > 2. (x^)" G X'"' \ A„(X) is called a measure-theoretic entropy n-tuple 
for /i if hfj_{G, a) > for any admissible a € Vx w.r.t. {xi)^. 

Remark 6.7. We may replace all admissible a G Vx by all admissible a G Vx in the definition. 

For eaeh n > 2, denote by E^{X,G) the set of all measure-theoretie entropy n-tuples for 
/i G A4{X,G). In the following, we shall investigate the structure of E^{X,G). To this purpose, 
let P^ be the Pinsker cr-algebra of (X,i3^,/^, G), i.e. P^ ^ {A e B'^ : /i^(G, {A, A'^}) = 0}. We 
define a measure A„(/x) on (X("), (S^)("),G) by letting 



(n \ „ n 

1=1 ) ■'^ i=\ 



where (;B^)(") = S^ x • • • x B'^ (n times) and A, G S^, i = 1, • • • , n. First we need 

Lemma 6.8. Let U = {C/i, • • • , f/„} G Cx- Then A„(/i)(niLi C^i'^) > iff for any finite (or n-set) 
fi-measurable partition a, finer than U as a cover, one has /i^(G, a) > 0. 

Proof. First we assume that for any finite (or n-set) ^-measurable partition a, finer than U as 
a cover, one has h^{G,a) > and A„(^)(n"=i Uf) = 0. For z = 1, • • • ,n. Let d = {x ^ X : 
E(lf/c|P^)(a;) > 0} G P^, and put A = G, U (C/f \ G,), A(0) = A and A(l) = D^, as 



= / E{lu^\p^)ix)d^l = M(c/r n (X \ G,)) = m(c/^' \ c,), 

then A ^ U, and A(0),A(1) e -P^- For any s = (s(l),--- ,s{n)) G {0,1}", let A = 
nr=i D^{s{i)) and set Df, = (HILi A) n {U^ \ UCl C/fc) for j - 1, • • ■ , n. We consider 
a = {D,:se {0, 1}" and s ^ (0, • • ■ , 0)} U {DI • • ■ , D'^}. 

On one hand, for any s G {0, 1}" with s ^ (0, • • • ,0), one has s{i) = 1 for some 1 < i < n, then 
Ds C Df C [/;. Note that L*^ C [/,-, j = 1, • • ■ , n, thus a'^U and so ft.^(G, a) > 0. On the other 
hand, obviously ^(0^=1 Di) ~ ^J■{{~\i=l Ci) and 



(n \ ^ n 

n^n = / n 



E(l[/c|P^)(x)d;i(x), 



then ^(nr=i CO = 0, and so i?i, • • • , i^^ G P^. As Di, • • • , D„ G P^, A e P^ for each s G {0, 1}", 
thus a. C P^, one gets h^{G, a) = 0, a contradiction. 

Now we assume Ki{fJ-){Y[i=i Uf) > 0. For any finite (or n-set) ^-measurable partition a which 
is finer than U, with no loss of generality we assume a = {Ai, • • • , An} with Ai C Ui, i = 1, ■ ■ ■ ,n. 

As 

n „ n n 

'[[E{lx\A,\P^){x)dfi{x) > / '[[E{lu^\P,){x)dfxix) = Xn{^i)i[[U^^) > 0, 

A — 1 ^ ^ A — 1 A — 1 



therefore Aj ^ P^ for every 1 < j < n, and so h^{G, a) > 0. This finishes the proof. D 



Ij ^ P^ for every 1 < j < '^j and Sw i^f^y 
Then we have (we remark that the case of G = Z is proved in [TC] and |23j). 
Theorem 6.9. Letn>2 and /i G M{X, G). Then E!^{X, G) = supp{Xn{fJ.)) \ A„(X). 
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Proof. Let {xiYl G E^{X,G). To show (x^)" G supp(A„(/^)) \ A„(X), it remains to prove that for 
any Borel neighborhood l\7=i Ui of (xi)" in X("), Xn{f^){U7=i Ui) > 0. Set U = {C/f , • ■ • , U^}. 
With no loss of gencrahty we assume U G Cx (if necessity we replace Ui by a smaller Borel 
neighborhood of Xi, 1 < i < n). It is clear that if a e Vx is finer than U then a is admissible 
w.r.t. {xi)i, and so h^{G,a) > 0. Using Lemma W^ one has A„(/x)(niLi Ui) > 0. 

Now let {xi)i G supp(A„(/i)) \ A„(X). We shall show that h^{G,a) > for any admissible 
a = {Ai,--- ,Ak} G Vx w.r.t. (.x,)". In fact, let a be such a partition. Then there exists a 
neighborhood [/; of xj, 1 < Z < n such that for each i G {1, • • • , fc} we find ji G {1, • ■ • ,n\ with 
A, C f/j;, i.e. a ^ W = {C/f, • • • , C/;^}. As (x,)? £ supp(A„(/i)) \ A„(X), A„(/i)(nr=i U,) > and 
so hi^i{G,a) > (see Lemma [6. 8p . This ends the proof. D 

Before proceeding we also need 

Theorem 6.10 ([H Theorem 0.1]). Let fi G M{X,G), a G V^ and e > 0. Then there exists 
K G F{G) such that if F G F{G) satisfies {FP-^ \ {ea}) DK = 9 then 

\± 



jH^iaplPf,) - H^ia\P^)\ < e. 



The following theorem are crucial for this section of our paper, and the methods of proving it 
may be useful in other settings as well. 

Theorem 6.11. Let ^i G M{X,G) and U = {Ui,--- ,Un} G C^,ri. > 2. If h^{G,a) > for any 
finite (or n-set) ^-measurable partition a, finer than U, then h~{G,U) > 0. 

Proof For any s = (s(l), ■ • • ,s{n)) G {0,1}", set As = r\7=iU^{s{i)), where [/,(0) = U, and 
[/,(1) - Uf. Let a = {A, : s G {0, 1}"}. Note that \n{^^){Y[7^^ t/f) = /^ Ilili ^{^u^\P^^)d^l > 
(Lemma 16. 8p . hence there exists M G N such that ii{D) > 0, where 



D=\xeX: min E(lc/e|Fj(x) > j- 

[^ l<t<n 1\1 



KD) 



Claim. lijS eV^ is finer than U then i?^(a|/3 V P^) < H^{a\P^) - ^ log{:;^). 

Proof of Claim. With no loss of generality we assume /? = {Bi,--- ,-B„} with Bi C [/j, 
1, • • ■ , n. Then 



iJ^(a|/3VP^) = ff^.(aV/3|P^)-i/^(/3|P^) 

^ n 






¥.{lA^r^B^P^.) 



dfi 



sG{0,l} l<i<n,s{%}—Q t- ' 

where the last equality comes from the fact that, for any s G {0, 1}" and 1 < i < n, if s(i) = 
then As^B, = and so T^^£f|lj^ (a;) = for pi-a.e. x G X. Put c^ = Ei</c<n,s(fc)=o IE(1bJ-Pm 
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As is a concave fucntion, (|6.ip 

mAjp^y 




(6.2) = H^ia\P^)- Y. f mAAP^)\og-dfi. 

Note that if .s(i) ^ 1, I < i < ri then X]i<fc<„ s(fc)=o^(lBfc I^a*) ^ ]E(1x\bJ-Pm)' moreover, 
C-^^^r >h---b,, and E.:Li h = E:Li E"i<,<„,,^. E(1b, K) = {n 1) Er=i E(1b. IP,) = 
n — 1, here 6i = E(lx\Si |P,)j i = 1, • • • , n. Then we have 

\ 

d^ 



J2 /E(UjP^)log - 



E E(lsjP,) 



E 

"- -' \ l<A;<n,s(K:)— / 

> '-±l( E Ed.jpAogid, 
= ^E//(i-fi^.)i°g^^M>;^E/^iogirf. 

(6.3) = 47 / log T^d, > I I log ^d, = 4?^ log ^ " 



"^^Vd nr=i&^ ^^^Vi. e5, ^^ "v«-i 

4=1 

Hence, H^(a|/3 V P^) < i/,(a|P,) - ^ ^og{^) (using (ESI) and dSS])). D 

Set e = 4r^ log(;7^) > 0. By Theorem ElOl there exists K g F{G) such that 

(6.4) I^^m(«f|P,) - HMP^)\ < i 

when F £ P(G) satisfies (PP^^ \ {cg}) n iC = 0. Let {P„i}meN be a F0lner sequence of G. For 
each m £ N, we can take Em C P,„ such that {EmE~^ \ {ec}) Cl K = 9 and |Pm| > 2\kUi - ^ow 
if /3m S C^ is finer than Up^ then (7/3m ^ ^ for each g G P™, and so 

Hf, {I3,n ) > i/, (/?,„ V «£„ I P^ ) - i7^ (aB„J /3,„ V P^ ) 

> i/^(aB„jP^)- J2 ^M(a|5/3.nVP^) 

> i/^ {aE„, \P^.)-\ Em I (H, (a I P, ) - e) (by Claim) 

> |£'m|- (by the selection of Em and applying (|6.4p to Pm). 

Hence, H^iUp^) > \Em\^ and so h~{G,U) > 2(2\k\+i) - This finishes the proof of the theorem. D 

An immediate consequence of Lemma 16.81 and Theorem 16.111 is 

Corollary 6.12. Let /i G A4{X, G) and U ~ {C/i, . ■ • , [/„} £ C^. T/ien i/ie following statements 
are equivalent: 
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1: h~{G,U) > 0, equivalently, hf^{G,U) > 0; 
2: h^{G, a) > if a £ C^ is finer than U; 
3: \n{p){Y{UUf)>Q: 

Now with the help of Theorem 13.131 and CoroUary 16.121 we can obtain Theorem 16.131 which 
discloses the relation of entropy tuples for an invariant measure and entropy tuples for ergodic 
measures in its ergodic decomposition, generalizing [3l Theorem 4] and 1231 Theorem 4.9]. 

Theorem 6.13. Let fi g A4{X,G) with /i = J^ fj,i^dm{uj) the ergodic decomposition of fi. Then 
1: for m-a.e. w G 17, E^^- {X, G) C E^l{X, G) for each n>2. 

2: if {xi)i g E!^{X,G), then for every measurable neighborhood V of (xi)", m{{uj £ Vt : 
V n E^'^ (X, G) 7^ 0}) > 0. Thus for an appropriate choice of Vt, we can require 



U{i;^(X,G) : 0. e 0} \ A„(X) - £;^(X,G). 

Proof. 1. It suffices to prove the conclusion for each given n > 2. Let n > 2 be fixed. 

Let t/i, i = 1, • • • ,71 be open subsets of X with (X^^Jh = and {]Xl^JTl) n E!^{X,G) = 
0. Then A„(^)(nr=it^) = by Theorem EH and so hf,{G,U) = by Corollary l^fn where 
U = {C/f,--- ,U^}. As J^hf,^{G,U)dm{uj) = h^,{G,U) = (see d^Ml)), for m-a.e. w e Jl, 
h^^{G,U) = and so A„(/i„)(nr=i U,) = by CoroUaryEH hence {]XU Ui) n E!;^-{X,G) = 
(using Theorem 16.91 and the assumption of n"=i Ui = %). 

Since E^{X, G)UA„(X) C X^") is closed, its complement can be written as a union of countable 
sets of the form nr=i ^i ^^*^ Ui,i = 1,- ■ ■ ,n open subsets satisfying n"=i Ui = 0. Then applying 
the above procedure to each such a subset 0"=! ^i '^^'^ ^^^ ^^^^ ^°'" "i-a.e. a; G fJ, E^'^{X,G) fl 
{Eii{X,T)y = 0, equivalently, i5^(X,G) C £;^(X,T). 

2. With no loss of generality we assume V = 0"=! ^'' where Ai is a closed neighborhood of Xi, 
1 < i < 71 and nr=i ^« = 0- As A„(/i)(nr=i ^0 > by Theorem EH one has 

/ /i^jT, {Al, ■■■ , Al})dmiio) = h^{T, {A^, • • • , A^J) > (using ^M and Corollary EIS, 

there exists il' C 17 with 77i(i7') > such that if a; G 17' then 

/i^JG,{AJ,---,A^J)>0, i.e. A„(/i^) (f[A,j > (sec Corollary EI21), 

and so (nr=i Ai)r\E!^^'-' (X, G) 7^ (see TheoremEH), i.e. r7i({w G 17 : Vr\E!^,'-' {X, G) ^ 0}) > 0. D 

Lemma 6.14. Let n : {X,G) — > {Y,G) be a factor map between G-sy stems, lA G Cy and fi G 
MiX,G). Thenh-{G,Tr-^U)^h-^{G,U). 

Proof. Note that, for each F G F(G), P{{tt-'^U)f) = n-^PiUp), using ([3T9)) we have 
(6.5) = inf H^{I3')=H^{{tt-^U)f). 

f3'eP{(7r-^U)f.) 

Then the lemma immediately follows when divide |F| on both sides of (j6.5p and then let F range 
over a fixed F0lner sequence of G. D 

Then we have 

Theorem 6.15. Let tt : {X, G) — !> (F, G) be a factor map between G-systems, /i G Ai{X, G). Then 

El^'{Y, G) C (tt X • • • X tt)EI^{X, G) C El^'{Y, G) U A„(r) for each n>2. 

Proof. The second inclusion follows directly from the definition. For the first inclusion, we as- 
sume (j/i, • • ■ , y„) G E^/'{Y, G). For to G N, take a closed neighborhood V^^ oi yi,i = 1, • • • , ti 
with diameter at most :^ such that flLi ^i™ = 9- Consider W,„ = {(VT")^ • • • , (V;")'=} G Cf , 
then h-{G,TT-'^Um) = /I^^(G,W„) > and so A„(/i)(nLi tt^^V/") > by Corollary EISl and 
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LcmmaEH Hence HLi 7^"^^," n (supp(A„(/x)) \ A„(X)) ^ 0. Moreover, there exists [xfyi G 
nr=i 7i""^^r n E^^iX^G) by Theorcmllll We may assume (xf , • • ■ ,x;^') -^ (xi, ■ • ■ ,x„) (if ne- 
cessity we take a sub-sequence). Clearly, Xi S Tr~^ {yi),i = 1, • • • , n and (xi, • • • , a;„) £ E^{X, G) 
by Proposition 16.31 (2). This finishes the proof of the theorem. D 

6.3. A variational relation of entropy tuples. Now we are to show the variational relation of 
topological and measure-theoretic entropy tuples. 

Theorem 6.16. Let {X,G) be a G-system. Then 

1: for each fi e X(X,G) and each n>2, E„{X,G) D Ei^{X,G) = supp{\n{p)) \ A„(X). 
2: there exists fi € M^X, G) such that E^iX, G) = E!^{X, G) for each n>2. 

Proof 1. Let (x^-Li e E!^{X,G) and U E C^ admissible w.r.t. {x,)"^^. Then ii a £ Vx is 
finer than U then it is also admissible w.r.t. (x^)"^^, and so h^{G,a) > (as (a;,)" G E!^{X,G)), 
thus h-{G,U) > by TheoremEU] Moreover, htop{G,U) > h-{G,U) > 0. That is, (x^-Li £ 
En {X, G) , as W is arbitrary. 
2. Let n > 2. First we have 

Claim. If (a;,)i £ E„{X,G) and nr=i ^» is a neighborhood of {x,)1 in X(") then -B^(X,G) n 
nr=i ^^ 7^ for some v€M{X,G). 

Proof of Claim. With no loss of generality we assume that Ui is a closed neighborhood of Xi, 
1 < i < n such that Ui Cl Uj ~ 9 if Xi ^ Xj and Ui ~ Uj if Xi~Xj,l<i<j< n. Let 
W = {t/f,--- ,[/^}. Then htop{GM) > (as (xi)^ G £;„(X,G)). By Theorem [SH there exists 
u e M{X,G) such that K{G,U) = /itop(G,W), then A„(!y)(nr=i t/,:) > by Corollary Eini i.e. 
supp(A„(z/))nnr=i Ur ^ 0. As nr=i C/inA„(A) = 0, one has El{X, G)nnr=i t^» ^ by Theorem 
16.91 This ends the proof. D 



By claim, for each n > 2, wc can choose a dense sequence of points {(x™,--- ,x™)}„igN C 
En{X, G) with (x™, • ■ • , X™) G K"' (A, G) for some f ™ G M{X, G). Let 



As if a G T'x then 




h^{G,a) > — i-^/v„".(G,a) (using ^M) 



'}m-\-7i- 

and so i;;^" (A, G) C ^,'^(A, G) for all n > 2 and m G N. Thus (x5", • • • , x^^') G E^'^{X, G). Hence 



i?,'^(A, G) D {{xT, • • • , X™) : m G N} \ A„(A) = K(A, G), 
moreover, £'^(A, G) = £:„(A, G) (using 1) for each ji>2. D 

6.4. Entropy tuples of a finite production. At the end of this section, we shall provide a 
result about topological entropy tuples of a finite product. 

We say that G-measure preserving system (A, B, /i, G) is free, ii g ~ cq when g E G satisfies 
gx — X for /i-a.e. x G A, equivalently, for /i-a.e. x G A, the mapping G — > Gx,g i— > gx is 
one-to-one. The following is proved in [181 Theorem 4]. 

Lemma 6.17. Let (A, B, fi, G) and (y, P, i^, G) &ot/i &e a free ergodic G-measure preserving system 
with a Lebesgue space as its base space, with P^ and P^ Pinsker a-algebras, respectively. Then 
P^j. X Pu is the Pinsker a -algebra of the product G-measure preserving system (A xY,BxV,fixi>,G). 

We say that (A, G) is free ii g ~ ec when g E G satisfies gx = x for each x G A. Let 
71 > 2. Denote by supp(A, G) the support of {X,G), i.e. supp(A, G) = UuGA^fJf G) supp(m). 
(A, G) is called fully supported if there is an invariant measure /i G A^(A, G) with full support (i.e. 
supp(^j) = A), equivalently, supp(A, G) = A. Set Af (A) = A„(A) n (supp(A, G))("). Then 
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Theorem 6.18. Let {Xi,G),i = 1,2 be two G-systems and n>2. Then 

(6.6) S„(Xi X X2,G) = E„{Xi,G) x (^„(X2, G) U A^JX^)) U A^(Xi) x S„(X2, G). 

Proof. Obviously, E,,{Xi x X2,G) C (supp(Xi,G) x supp(X2, G))^") by Theorem EH] (2), and so 
the inclusion of "C" follows directly from Proposition 16.31 (3). Now let's turn to the proof of "D". 
First we claim this direction if the actions are both free. Let 

{{x},x',)r,eE.4XuG) X (£;„(X2,G)UA,^(X2))UA,^(Xi) xi?„(X2,G) 

and let Ui (resp. U2) be any open neighborhood of (a;|)" in XJ" (resp. (xf )" in X2 )■ With no 
loss of generality we assume (xj)" g £'„(Xi, G) and Ui fl A„(Xi) = 0. Note that supp(A„(^)) D 
(supp(/x))("^ n A„(X2) for each /z G A^(X2,G), by Theorems 16.91 and 16.131 we cam choose ^li G 
A4'^{Xi, G) such that Ui fl (supp(/x,;))'^"^ ^ 0, i = 1, 2. As the actions are both free, we have 

Claim, [/i x [/2 n E^'^^''l'■^{Xl x X2, G) 7^ 0, and so C/i x C/2 n £;„(Xi x X2, G) 7^ 0, which implies 
{{x},xf))i G En{Xi X X2,G) from the arbitrariness of f/i and t/2 (using Proposition l6.3l f2)). 

Proof of Claim. Let P^. be the Pinsker ct- algebra of {Xi, Bxi , IJ-i,G),i = 1,2. Then P^^ x P^^ forms 
the Pinsker cr-algebra of {Xi x X2, Bxi x Bx2, Mi ^ M2, G) by Lemma [6. 171 Say /i^ = J^ fJ'i,xidiJi{x) 
to be the disintegration of /x^ over P^^, i = 1,2. Then the disintegration of fii x /X2 over P^^ x P^^ 
is 

Ml X M2 = / Ml.a:i X fJ.2,X2dfJ.l X 112{XI,X2) 

J X1XX2 

,(") 



Moreover, A„(/ii) = J^ /i^" .(i/i,;(xi), i = 1,2, which impl 



les 



A„(^i X /X2) = / /i^ j^ X ^^ j^d^i X /X2(a;i,x2) == A„(/xi) X A„(/X2)- 

JX1XX2 

Then supp(A„(/xi x ^2)) = supp(A„(^i)) x supp(A„(/i2)). So t/i x f/2 nsupp(A„(/ii x ^2)) 7^ and 
f/i X [/2 n -B,'^! ^''2 (Xi X X2, G) 7^ (as C/i n A„(Xi) = 0). This ends the proof of the claim. D 

Now let's turn to the proof of general case. Let [Z, G) be any free G-system. Then G-systems 
{X[, G) = (Xi X Z, G), i = 1,2 are both free. Applying the first part to {X[, G), i = 1, 2 we obtain 

(6.7) E,,{X[ X X'2, G) = E„{X[,G) x {E„{X^,G) U A^(X^)) U A^JX',) x i?„(X^, G). 

Then applying Proposition 16.31 (3) to the projection factor maps {X[ x X2,G) — !> {Xi x X2,G), 
iX[,G) -> iXi,G) and (X^, G) -^ {X2, G) respectively we claim the relation (|5J|) . D 

7. An amenable group action with u.p.e. and c.p.e. 

In this section, we discuss two special classes of an amenable group action with u.p.e. and c.p.e. 
We will show that both u.p.e. and c.p.e. are preserved under a finite product; u.p.e. implies c.p.e. 
and actions with c.p.e. are fully supported; u.p.e. implies mild mixing; minimal topological K 
implies strong mixing if the group considered is commutative. 

Let {X,G) be a G-system and a G Vx- We say that a is topological non-trivial if yl C X for 
each A £ a. It is easy to obtain 

Lemma 7.1. Letn>2 and fi E M{X,G). Then E!;^{X,G) = X(") \ A„(X) iffh^,{G,a) > for 
any topological non-trivial a = {Ai, ■ ■ ■ , An} G Vx- 

Proof First assume E!^^{X,G) = X(") \ A„(A:). If a = {Ai, • • • , A„} G Pjf is topological non- 
trivial, we choose Xi E X\Ai,i = 1, • • • ,n, then (x^)" G X*^"' \ A„(X) and a is admissible w.r.t. 
(xi)?. Thus h^{G,a) > 0. 

Conversely, we assume h^i{G, a) > for any topological non-trivial a = {Ai, ■ ■ ■ , An\ G Vx- Let 
{xi)"^ G X(") \ A„(X). If a = {^1, • • • , A„} G Vx is admissible w.r.t. (xi)". then it is topological 
non-trivial and so /i^(G, a) > 0. Thus (xi)" G E^{X,G). This completes the proof. D 

As a direct consequence of Theorem 16.161 and Lemma 17.11 one has 
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Theorem 7.2. Letn>2. Then 

1: {X,G) has u.p.e. of order n iff there exists ^l G M{X^G) such that hfj_(G,a) > for any 
topological non-trivial a = {^i, ■ ■ • , A„} G Vx- 

2: {X, G) has topological K iff there is pL ^ M.{X^ G) such that h^(G^ a) > for any topolog- 
ical non-trivial a G Vx- 

Definition 7.3. We say that {X,G) has c.p.e. if any non-trivial topological factor of{X,G) has 
positive topological entropy. 

Blanchard proved that any c.p.e. TDS is fully supported [H Corollary 7]. As an application of 
Proposition 16. 31 (3) and Theorem 16 . 1 61 we have a similar result. 

Proposition 7.4. {X,G) has c.p.e. iff X^"^' is the closed invariant equivalence relation generated 
by E2{X,G). Moreover, each c.p.e. G -system is fully supported and each u.p.e. G -system has 
c.p.e. (hence is also fully supported). 

Proof. It is easy to complete the proof of the first part. Moreover, note that (supp(X, G))^^-' U 
A2(X) is a closed invariant equivalence relation containing E2{X, G) (Theorem l6.16|) . In particular, 
if {X, G) has c.p.e. then it is fully supported. Now assume that (X, G) has u.p.e., thus E2{X, G) = 
X*^^^ \ A2(X) and so X'^^ is the closed invariant equivalence relation generated by E2{X,G), 
particularly, {X, G) has c.p.e. This finishes our proof. D 

The following lemma is well known, in the case of Z see for example [37( Lemma 1] . 

Lemma 7.5. Let {Xi,G) be a G-system and A2{Xi) Q Ai C Xi x Xi with < Ai > the closed 
invariant equivalence relation generated by Ai, i ~ 1,2. Then < Ai > x < A2 > is the closed 
invariant equivalence relation generated by Ai x A2. 

Thus we have 

Corollary 7.6. Let (Xi,G) and {X2,G) be two G-systems and n>2. 

(1) If{Xi,G) and X2,G) both have u.p.e. of order n then so does {Xi x X2,G). 

(2) If{Xi,G) and {X2,G) both have topological K then so does {Xi x X2,G). 

(3) If {Xi,G) and {X2,G) both have c.p.e. then so does {Xi x X2,G). 

Proof. By Proposition 17.41 any G-system having u.p.e. is full supported, then (1) and (2) follow 
from Theorem 16. 181 directly Using Theorem 16 . 181 and Lemma [775| we can obtain (3) similarly. D 

In the following several sub-sections, we shall discuss more properties of an amenable group 
action with u.p.e. 

7.1. U.p.e. implies vifeak mixing of all orders. Following the idea of the proof of [TJ Propo- 
sition 2], it is easy to obtain the following result. 

Lemma 7.7. Let {L/f , L/|} G Cx- // 

(7.1) limsup 1 logiV ( V g-'{U^, U^}] > 

n->-|-oo n y^^^ J 

for some sequence {gi : i G N} C G then there exist 1 < ji < J2 with Ui D gjig^^ U2 ^ %. 

Proof. Assume the contrary that for each 1 < ji < J2, Ui n gjigJ^U2 ~ and so gJ-^Ui C gJ^U2. 
That is, for each z G N one has g^^Ui C n,>i gj^^i- 

Let n G N. Now for each x G X consider the first i G {1, ■ • • ,n} such that giX G C/i, when there 
exists such an i. We get that the Borel cover V?=i dJ^Wu ^2} admits a sub-cover 

{i—l n ^ r ^^ ^ 

n .9."'^r n n 9^'U^ : z = 1, • • ■ , n U fl .97'C/r • 
s=l t=i ) ls=l J 

Moreover, Af(Vj=i ff7^{^i j t^ll) <n+\,& contradiction with the assumption. D 
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We say that {X, G) is transitive if for each non-empty open subsets U and V , the return time set, 
N{U, V) = {g € G : U n g~^V ^ 0}, is non-empty. It is not hard to see that if X has no isolated 
point then the transitivity of (X, G) is equivalent to that N{\J,V) is infinite for each non-empty 
open subsets U and V . Let n > 2. We say that (X, G) is weakly mixing of order n if the product 
G-system (X*^"\ G) is transitive; if n = 2 we call it simply weakly mixing. We say that {X,G) is 
called weakly mixing of all orders if for each n > 2 it is weakly mixing of order n, equivalently, the 
product G-system {X^, G) is transitive. It's well known that for Z-actions u.p.e. implies weakly 
mixing of all orders [T]. In fact, this result holds for a general countable discrete amenable group 
action by applying Corollarv 17.61 and Lemma 17.71 to a u.p.e. G-system as many times as required. 

Theorem 7.8. Each u.p.e. G-system is weakly mixing of all orders. 

7.2. U.p.e. implies mild mixing. We say that {X, G) is mildly mixing if the product G-system 
{X X Y, G) is transitive for each transitive G-system (Y, G) containing no isolated points. We shall 
prove that each u.p.e. G-system is mildly mixing. Note that similar to the proof of Lemma 17. 7( 
it is easy to show that each non-trivial u.p.e. G-system contains no any isolated point, thus the 
result in this sub-section strengthens Theorem 17.81 Before proceeding first we need 

Lemma 7.9. Let ji G M{X, G),U ^ {f/i, • • • , t/„} G C^, a e Vx and {(?i}igN ^ G he a sequence 
of pairwise distinct elements. Then 

1: limsup„^+^ ilogAf(VILi3r^") > h,,{G,a). 

2: ifhtop{GM) > then limsup„^+^ i log 7V(Vti 5r'^) > 0- 
Proof. 1 follows directly from Lemma [Ol (4) . Now let's turn to the proof of 2. 

By Theorem O there exists ^i 6 M^iX, G) such that h^{G,U) = htop{G,U) > 0. Let P^ be the 
Pinsker cr-algebra of {X, i3^, /i, G). As Xnifi){U7=i Uf) = % Il7=i E(lc/f 1^^)^^^ > (see Corollary 
I6.12p . repeating the same procedure of the proof of Theorem l6.11l we can obtain some M £ N, D G 
P^anda G Px such that /^(Z?) > Oandif/3 G P^- is finer than W then iJ^(a|/3VP^) < H^,{a\Pf,)-e, 
here e = 4r^log(;^) > 0. Note that there exists K G P(G) such that if P e F{G) satisfies 
(PP-i\{eG})niC = then |i]^if^(aF|P^)-ff^(a|P^)| < f (see Theorem Eini)- Obviously, there 
exists a sub-sequence {si < S2 < • • • } ^ I^ such that j- > 2\k\+i ^^^ ^^'^^^ i G N and ffsiff^^ ^ K 
when i ^ j. Then for each n G N one has 

(7.2) |ip^ l\/g-'a\pA - H^{a\P^)\ < |. 

Now let n G N. If /3„ G P^ is finer than Vr=i 97^^' then gsiPn h U for each i = 1, • • ■ , n, and so 

H^{Pn) > hJ/3^v\/ 5~V|P^ \-hJ\/ <?- V|/?„ V P^ j 

(n \ n 

V a;'a\p, - J2 HMgs.Pn V p^) 
1=1 / i=l 

> hJ\/ g-'a\pA - n{H,{a\P,) - ^) 

> n(H^{a\P,)-^)-n{H^{a\P,)-e) (by G3) 



2/ 
ne 

Y' 
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Hence, ^-ff^(V"=i ffJ^^^) ^ §■ Which imphes 



\iinsnp-logN ( y g-^u] > limsup —Hf, (\/ g~^u] 



771 1 / \ / 1 \ e 

> hmsup H^ V g;:^ZY > „,„,,^, — > 0. 

- m^+oSs™ 777 "^ \ j/"' y-2(2|A^| + l) 

This ends the proof of the lemma. D 

Now wc claim, that u.p.e. im.plics mild m.ixing. 

Theorem 7.10. Let {X,G) be a u.p.e. G-system. Then (X,G) is mildly mixing. 

Proof. Let (F, G) be any transitive G-system containing no isolated points and (t/y, Vy) any pair 
of non-empty open subsets of F. It remains to show that N{Ux x ?7y, Vx x W) 7^ for each 
pair of non-empty open subsets {Ux,Vx) of X. As {Y,G) is transitive, there is 5 £ G with 
Uy n g-^Vy ^ 0. Set Wy ^ Uy n g-^Vy. Then 



N{Ux X t/y, Vx X Vy) D gN{Ux X Wy,g-^Vx X Wy). 



Now it suffices to show that N{Ux x WY,g-^Vx x Wy) ^ 0. 

If Ux n g^^Vx 7^ then the proof is finished, so we assume Ux H g^^Vx = 0- As (F, G) is 
a transitive G-system containing no isolated points, there exists g[ E G \ {ea} with g'lWy O 
Wy ^ 0. Now find g'2 & G\ {eG,(5i)"n with g'^ig'iWy n Wy) n {g[Wy n M^y) 7^' 0. By 
induction, similarly there exists a sequence {g^}n>i C G such that for each j > 1 one has 
g'j eG\ {eo, {g'j-i)^^, (ffj-iffj-2)"\ • • • > {9j-i9j-2 ■ ■ ■ 9i)^^} and for each 77 G N it holds that 

(7.3) WyD fl {9',gj-i---9lWy)^t 

l<i<j<n 



Set 9n = g'n9'n-i ' ' ' 9i ^r each 77 G N. Then g, 7^ ffj if 1 < i 7^ j. Note that C/jc n g-^Vx = and 
{X, G) is u.p.e., then htop{G, {Ux , 9~^Vx }) > and so by Lemma [7^ one has 

limsup - logiV ( V g^\U^" ,^=Wx'} ] > 0. 
Then by Lemma 17.71 there exists I < i < j such that 



7^ Uxng^g-^g-^Vx = Ux n {g',g'.^ ■ ■ ■ g[+i)-^g-^Vx, 



which implies (using (|7.3p ) 



5-.9-_i---.9-+i e N{Ux,g-^Vx) n N{Wy,Wy) = N{Ux xWy,g-^Vx x T^y) 7^ 0. 
This finishes the proof of the theorem. D 

7.3. Minimal topological /-f-actions of an amenable group. We say that {X, G) is strongly 
mixing if N{U, V) is cofinite (i.e. G \ N{U, V) is finite) for each pair of non-empty open subsets 
{U,V) of X. It's proved in [52] that any topological K minimal Z-systcm is strongly mixing. 
In fact, this result holds again in general case of considering a commutative countable discrete 
amenable group. In the remaining part of this sub-section we are to show it. 

Denote by J^i„y(G) the family of all infinite subsets of G. Let d be the compatible metric 
on (X,G), 5* = {51,52, •■•} G J'lnfiG) and 77 > 2. RPg{X,G) C X(") is defined by (x,)i G 
RPg{X, G) iff for each neighborhood Uxi oi Xi,l < i < n and e > there exists x'^ G Uxi ,1 < i < n 
and 777 G N with maxi<fc_i<„ d(5~^a;'j,,5~^X;) < e. Obviously, the definition of RPg{X,G) is 
independent of the selection of compatible metrics. As a direct corollary of Lemma FTOl we have 



Lemma 7.11. Letn>2 and S ^ Tinf{G). If {X,G) is u.p.e. of order n then RPli {X , G) ^ X^'''^. 
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Proof. Assume the contrary that there is S ~ {91,92, ■■ ■} G Ti„f{G) such that RPg{X,G) C 
X("). Fix such an S and take {x.,)1 G X^") \ RP^{X,G). Then we can find a closed neigh- 
borhood Ui oi Xi,l < i < n and e > such that if a;^ £ Ui,l < i < n and to S N then 
niaxi<fc_z<„ d(f;~^x^, sr~^.Tj) > e. Now let {Ci, • • • , Ck} {k > n) be a closed cover of X such that 
the diameter of each Ci, 1 < i < fc, is at most e and if i e {1, • • • , n} then Xi G {Ci)° '^ Ci C Ui. 
Clearly {xi)i ^ A„(X), we may assume that {Cf, • • • , C^} forms an admissible open cover of X 
w.r.t. {xi)i, and so /itop(G, {Cf , • • • , Cfj}) > 0. Moreover, 

(7.4) limsup — logAT | \/ 9i^{a^, ■ ■ • , Q} | > (by LcmmaEH). 

Whereas, it's not hard to claim that for each i G {1, ■ • • , fc} and to, e N there exists j™ G {1, • ■ • ,n} 
such that gmCi n Cjm — 0. Otherwise, for some io G {!,■■■ ,k} and toq G N, it holds that for each 
I G {1, • • • ,n}, gmaCig n Ci 7^ 0, let yi G gmgCif, n Ci C C/i. Thus maxi<fc_/<„ d(g„Jyfe,g;;;J?//) is 
at most the diameter of Ci^, which is at most e, a contradiction with the selection of j/i, • • • ,?/„. 
Therefore, C, C n,„gN 5™'^^™ for each i G {1, • • • , fc}, which implies 7V(V:ii 5r'{<^i^ ' ' " - Ql) < 
/c for each to G N, a contradiction with (j7.4p . This finishes the proof of the lemma. D 

Then we have 

Theorem 7.12. Let U and V be non-empty open subsets of X . If {X, C) is minimal and topological 
K then there exists gi,--- ,gi G G (I G N) such that [Ji^i9iN{U,V)g~ C G is cofinite. In 
particular, if G is commutative then {X, G) is strongly mixing. 

Proof. As (X, G) is a minimal G-system, there exist distinct elements 51 , • • • ,gN G G such that 
Ui=i 9iU = X. Let (5 > be a Lebesgue number of {.git/, • • • ,gNU} G C^ and set 

B = { a e G : 3xi e QiVil < i < N) s.t. max diq^^Xk, g^^xA < - 

[' ' l<k.l<N '2 

As {X,G) is topological i^, {gix)i G RPg{X,G) for each 5 G J^i„/(G) and .t G X by Lemma 
17.111 This implies B Ci S 7^ for each 5* G jFinj{G). Hence, G \ B is a finite subset, i.e. 
_B C G is cofinite. Now \i g € B then for each i G {I,--- , iV} there exists Xi G giV such 
that maxi<fe^i<jvd(g^^a;fe,.9^^-'j;;) < |- Moreover, the diameter of {g^xi, ■ ■ ■ ,.g~^XAr} is less than 
5. So by the selection of (5, for some 1 < fc < A^, g~^xi,--- ,g~^XN G gkU, in particular, 
gkUng^^gkV ^ 0. That is, for each g GB there exists fc G {1, • • ■ , A^ } such that gk^ggk e N{U, V), 
i-e. SCUf.i5feiV(C/,VK-^ □ 
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